MATH 757: Homework 2

1. (a) Let M be a positive real number. Show that there exists ¢ € L'(R) such that
¢ * f = f for every f € L*(R) such that supp(f) C [-M, M].
(b) Prove that there is no ¢ € L'(R) such that ¢ x f = f for every f € L*(R) .

2. Show the following:
(a) If f(z) = 52, then f* f* f = 5

R A
(b) If x| < |A‘ , then lim sin(Ay)
R—oo [_p Yy

() If f(z) = 977 then f(€) = Te 0rle5l,

62mxy dy = .

3. This problem presents an alternate proof of the known fact that C2° is dense in LP, for
p < oco. Let f € LP(R) for some p, 1 < p < oc.

(a) Show that if ¢ € S, then ¢« f € C>° N LP.

(b) Assume that [¢ = 1 and define ¢, (z) = né(nx). Then {¢,} is a family of good
kernels, and we have seen in class that ||¢, x f — f|l, = 0 as n — oo. Consider
another function ) € & such that x;_11] < ¥ < xj_29], and let Y™ (x) = Y(x/n).
Prove:

o (bnxf)-¥meCe.

o ||[(dn*f) ¢ — fll, = 0asn— occ.

4. The goal of this problem is to check that the Fourier transform is well-defined on L?(R).
We defined in class the Fourier transform of f € L?(R) as the function G € L? such

that lim ||G — ﬁl”Q = 0, where {f,} is a sequence of Schwartz functions satisfying
n—oo

n—oo

(a) Given the above G and another sequence {g,} of Schwartz functions satisfying

lim ||f — gnll2 = 0, show that we also have lim |G — g,||2 = 0. Hence G does not
n—oo n—oo

depend on the chosen sequence.

(b) For a function f € L'(R), we have the original definition f / f(z) e ™ dx.

Use the approximating functions in problem 3 to show that if f € L'(R) N L*(R),
both definitions of the Fourier transform agree.

5. Eigenfunctions for the Fourier transform operator. In this exercise we will
study functions f such that f = \f. We have seen in class that the function e~™ is
equal to its Fourier transform, so it is an eigenfunction associated to the eigenvalue 1.



(a)
(b)

()

Using a result seen in class, show that the only possible eigenvalues are 1, —1, 1%, —i.

For each integer n > 0, the Hermite functions are defined by
h(z) = (—=1)"e""/? (L))" e~*". Show that h,, € S for each n > 0. Find the explicit
expressions for hy and h;.

Note that each Hermite function is of the form hy,(z) = pn(z)e /2, where p,
is a polynomial of degree n. The Hermite polynomial can clearly be defined by
pn(z) = (=1)"e* (L))" e~ (i.e., we just kill the exponential term in the definition
of h,). Hermite polynomials are known to satisfy several recursions (you do not

need to prove (1)-(3)).
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Pn(x) = 22pn(2) — ppya () (
Po(®) = 2npy 1 () (2)
Pri1(x) = 2xpy () — 2npy_1 () (3)

Show first that / ho(x)hy(x)dz = 0, and then use the above recursion formulas

for the polynomials to prove that {h,},>¢ is an orthogonal family in L?(R).

Use Taylor series to show that

Z hk (z2/2— 2t:p+t2)

Hint: Write e~ (#%/2-2t0+8%) — 02/26=(=-1)” 45 expand the term depending on ¢.
Show that if f € L*(R) and / Fy)e ¥ e* dy = 0 for every € R, then f =0
a.c. Hint: Consider f xe " -

Combine (d) and (e) to show that if f € L? and / f(y)hi(y) dy = 0 for every

k >0, then f = 0. Hence the family {h, },>0 is an orthogonal basis in L.

Let H,(z) = h,(v/2mz). Show that Hn(é) = (—i)"H,(§). Hence the H, are the
eigenfunctions of the Fourier transform operator. (Hint: Find the FT of Hy, Hy, Ho
by hand. For the general case, use the Taylor series formula in (d), take Fourier
transforms on both sides. You can use Mathematica for the Fourier transform of
the right hand side).

|| Ha||
basis for L?(R) consisting on (all) the eigenfunctions for the Fourier transform.
This means that L?(R) decomposes into the direct sum Hy® H, & Hy @ Hs, where
on each subspace H; the Fourier transform acts by multiplying functions by (—i).
This approach to defining the Fourier transform in L? is due to N. Wiener. See
Wikipedia for lots of information and references about these functions and their
recursions.

Conclusion: We have proven that the family { } is an orthonormal
n>0



6. Multipliers for the Fourier transform in L?(R). Given a measurable function m,
we define the operator T by the formula T'f(£) = m(§) f(§). Prove:
(a) T is linear.
(b) T maps L?(R) to L*(R) if and only if m € L®(R).
(c) If m € L>(R), the operator norm of T : L?* — L? equals ||m]| .



