MATH 720, Algebra I
Exercises 9
Due Fri 18 Nov

Exercise 1. Let k be a field, and let V' be a finite dimensional vector space over
k. Prove that, given two subspaces A, B C V, we have

dim (A + B) = dim(A) + dim(B) — dim(A N B).

Exercise 2. Let R be a commutative ring with identity. Let F' be a free R-module
of rank m with basis f1,..., fm € F. Let G be a free R-module of rank n with basis
g1s---59n € G. Let eq,..., e, € R™ be the standard basis, and let €,...,¢, € R"
be the standard basis.
The universal mapping property for free modules implies that for i = 1,...,n
there is a unique R-module homomorphism f: F' — R such that
1 ifj=4

(a) Prove that Hompg(F, R) is a free R-module of rank n with basis f7, ..., f. This
is called the dual basis for F *E| Conclude that there is a unique isomorphism
Yp: F* — R™ such that ¢(f}) = e; for each i.

(b) Prove that if ¢: F — G is the R-module homomorphism represented by the
matrix A with respect to the f;’s and g;’s, then there is a commutative diagram

o

G*H_F*

d"Gl: wl:
AT

R —— R™.
In other words, ¢*: G* — F* is represented by the matrix transpose A7 with
respect to the g7’s and f’s.
(c) (Bonus) Prove that the map dp: F — F** given by dp(f)(a) = a(f) is a
well-defined R-module isomorphism. Here F** := (F*)*.

IWe frequently write F* = Hompg(F, R). This fits with the notation ¢* from class: given a
homomorphism of free R-modules ¢: F' — G, the induced map ¢* maps G* — F*.
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