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Let ϕ : R → S be a flat homomorphism of noetherian rings. (That is, R and S
are noetherian, and ϕ is a ring homomorphism making S into a flat R-module.)
Let U ⊆ R be a multiplicatively closed subset.

Exercise 1. Let M and M ′ be R-modules.

(a) Prove that for each i there is an S-module isomorphism

TorSi (S ⊗R M,S ⊗R M ′) ∼= S ⊗R TorRi (M,M ′).

(b) Prove that for each i there is U−1R-module isomorphism

TorU
−1R

i (U−1M,U−1M ′) ∼= U−1 TorRi (M,M ′).

(c) Prove that there is a U−1R-module isomorphism

(U−1M)⊗U−1R (U−1M ′) ∼= U−1(M ⊗R M ′).

Exercise 2. Let M and C be R-modules.

(a) Prove that there is a commutative diagram of S-module homomorphisms

S ⊗R M
δ
S⊗RC

S⊗RM //

S⊗Rδ
C
M

��

HomS(HomS(S ⊗R M,S ⊗R C), S ⊗R C)

��
S ⊗R HomR(HomR(M,C), C) // HomS(S ⊗R HomR(M,C), S ⊗R C)

(b) Prove that there is a commutative diagram of U−1R-module homomorphisms

U−1M
δU

−1C
U−1M //

U−1δCM
��

HomU−1R(HomU−1R(U−1M,U−1C), U−1C)

��
U−1 HomR(HomR(M,C), C) // HomU−1R(U−1 HomR(M,C), U−1C)

1


