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Fact 1. Let R be a commutative local ring, and let P be a finitely generated
projective R-module. Then P is free over R, say P ∼= Rn. (We will prove this in
class. Note that R satisfies the invariant basis property, so n is the only integer m
such that P ∼= Rm.) The number n is the rank of R, denoted rankR(P ).

Exercise 2. Let R be a commutative ring, and let Q be a finitely generated pro-
jective R-module.

(a) Prove that for each p ∈ Spec(R), the localization Qp is a finitely generated
projective Rp-module, so we have Qp

∼= R
ep
p where ep = rankRp

(Qp).
(b) Prove that for all p, q ∈ Spec(R), if q ⊆ p, then rankRq

(Qq) = rankRp
(Qp),

that is, eq = ep.

Definition 3. Let R be a commutative ring, and let Q be a finitely generated
projective R-module. The rank function for Q is the function rQ : Spec(R) → N
defined as rQ(p) := rankRp

(Qp).

Exercise 4. Let R be a commutative noetherian ring, and let Q be a finitely
generated projective R-module. Let C be a semidualizing R-module. Prove that
the following conditions are equivalent:

(i) Q⊗R C is a semidualizing R-module;
(ii) rQ(p) = 1 for all p ∈ Spec(R); and
(iii) rQ(m) = 1 for each maximal ideal m ⊂ R.

Exercise 5. (bonus) Let R be a commutative noetherian ring, and let Q be a
finitely generated projective R-module. For each integer n > 0 set

Xn = {p ∈ Spec(R) | rQ(p) = n}.
Let m be a non-negative integer.

(a) Let p ∈ Spec(R) such that rQ(p) = m. Prove that there is an element s ∈ Rrp
such that Qs

∼= Rm
s .

(b) Prove that Xm is an open subset of Spec(R) in the Zariski topology.
(c) Observe that the compliment Spec(R)rXm is the union

⋃
n 6=m Xn of open sets,

so it is open. Conclude that Xm is a closed subset of Spec(R) in the Zariski
topology.

1


