
MATH 720, Algebra I
Exercises 13
Due Fri 12 Dec

Throughout this homework set, let R be a commutative ring with identity.

Exercise 1. Let L, M , and N be unitary R-modules. Let i : L→ L⊕M be defined
as i(x) = (x, 0). Let j : M → L⊕M be defined as j(y) = (0, y). Define

Φ: HomR(L⊕M,N)→ HomR(L,N)⊕HomR(M,N)

by the formula Φ(f) = (f ◦ i, f ◦ j). Define

Ψ: HomR(L,N)⊕HomR(M,N)→ HomR(L⊕M,N)

by the formula Ψ(g, h) = g � h where (g � h)(x, y) = g(x) + h(y).

(a) Prove that Φ is an R-module isomorphism with inverse Ψ.
(b) (Bonus) Prove that, given an R-module homomorphism α : N → N ′, there is a

commutative diagram

HomR(L⊕M,N)
Φ //

HomR(L⊕M,α)

��

HomR(L,N)⊕HomR(M,N)

HomR(L,α)⊕HomR(M,α)

��
HomR(L⊕M,N ′)

Φ′
// HomR(L,N ′)⊕HomR(M,N ′)

(c) (Bonus) Prove that, given a set of R-modules {Mi}i∈I , one has

HomR(⊕iMi, N) ∼=
∏
i

HomR(Mi, N).

Exercise 2. (a) Prove that given two exact sequences of unitary R-module homo-
morphisms

A
α−→ B

β−→ C → 0 0→ C
γ−→ D

δ−→ E

the following sequence is also exact:

A
α−→ B

γ◦β−−→ D
δ−→ E.

(b) Prove that given a unitary R-module M , there is an exact sequence

· · · ∂2−→ F1
∂1−→ F0

∂0−→M → 0

such that each Fi is a free R-module.
(c) (Bonus) Prove that given a homomorphism of unitary R-modules f : M →M ′,

there is a homomorphism of exact sequences

· · · ∂2 // F1
∂1 //

f̃1
��

F0
∂0 //

f̃0
��

M //

f

��

0

· · ·
∂′
2 // F ′1

∂′
1 // F ′0

∂′
0 // M ′ // 0

such that Fi and F ′i are free R-modules for all i.
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