MATH 720, Algebra I
Exercises 13
Due Fri 12 Dec

Throughout this homework set, let R be a commutative ring with identity.

Exercise 1. Let L, M, and N be unitary R-modules. Let ¢:: L — L& M be defined
as i(z) = (x,0). Let j: M — L & M be defined as j(y) = (0,y). Define

®: Homp(L © M,N) — Hompg(L, N) ® Hompr(M, N)
by the formula ®(f) = (f o4, f o j). Define

U: Hompg(L, N) ®Homg(M,N) — Homg(L ® M, N)
by the formula (g, h) = g B h where (g B h)(z,y) = g(x) + h(y).

(a) Prove that ® is an R-module isomorphism with inverse .
(b) (Bonus) Prove that, given an R-module homomorphism a: N — N’ there is a
commutative diagram

Homp(L & M, N) L Hompg(L, N) @ Homg(M, N)
HomR(LG)]\/[,a)\L \LHomR(La)@HOmR(M,a)

Hompg(L & M, N') e Hompg(L,N') & Homg(M, N')

(¢) (Bonus) Prove that, given a set of R-modules {M,};cr, one has

Homp(@;M;, N) = [ [ Homg(M;, N).

Exercise 2. (a) Prove that given two exact sequences of unitary R-module homo-
morphisms

A% BL o0 0CLDYSE
the following sequence is also exact:
A5 B2 Do R
(b) Prove that given a unitary R-module M, there is an exact sequence
RN N NG N

such that each Fj is a free R-module.
(¢) (Bonus) Prove that given a homomorphism of unitary R-modules f: M — M’,
there is a homomorphism of exact sequences

) o1 Ao

2 F M 0
|,

9, 9] 9y

’> F| —= F} ——= M’ 0

such that F; and F] are free R-modules for all i.



