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Exercise 2.1.19: Let A be a commutative ring with identity and let R be the
polynomial ring R = A[X1, . . . , Xd] in d variables. Set (X) = (X1, . . . , Xd)R and
let I be a monomial ideal. Prove that I 6= R if and only if I ⊆ (X).

Exercise 2.1.20: Let A be a commutative ring with identity and let R be the
polynomial ring R = A[X1, . . . , Xd] in d variables. Set (X) = (X1, . . . , Xd)R.
Prove that, if I is a monomial ideal such that I 6= R, then rad(I) = rad((X)) if
and only if for each i = 1, . . . , d there exists an integer ni > 0 such that Xni

i ∈ I.

Exercise 2.3.19: Let A be a commutative ring with identity and let R be the
polynomial ring R = A[X1, . . . , Xd] in d variables. Let I1, . . . , In be monomial
ideals in R and set (X) = (X1, . . . , Xd)R.
(a) Prove that the product I1 · · · In is a monomial ideal.
(b) Prove that, if rad(Ij) = rad((X)) for j = 1, . . . , n, then rad(I1 · · · In) =

rad((X)).
(c) Prove that if Ij 6= R for j = 1, . . . , n and rad(I1 · · · In) = rad((X)), then

rad(Ij) = rad((X)) for j = 1, . . . , n.
(d) Prove that [I1 · · · In] = {z1 · · · zn | z1 ∈ [I1], . . . , zn ∈ [In]}.

Exercise 2.3.20: Let A be a commutative ring with identity and let R be the
polynomial ring R = A[X1, . . . , Xd] in d variables. Let I1, . . . , In be monomial
ideals in R and set (X) = (X1, . . . , Xd)R.
(a) Prove that the sum I1 + · · ·+ In is a monomial ideal.
(b) Prove that, if rad(Ij) = rad((X)) for j = 1, . . . , n, then rad(I1 + · · · + In) =

rad((X)).
(c) Prove or give a counter-example for the following: if rad(I1 + · · · + In) =

rad((X)), then rad(Ij) = rad((X)) for j = 1, . . . , n.
(d) Prove that Γ(I1 + · · ·+ In) = Γ(I1) ∪ · · · ∪ Γ(In).
(e) Prove that [I1 + · · ·+ In] = [I1] ∪ · · · ∪ [In].

Exercise 2.1.29: [Math 696 only] Let A be a commutative ring with identity
and let R be the polynomial ring R = A[X1, . . . , Xd] in d variables. Let (X) =
(X1, . . . , Xd)R. Let I be a monomial ideal in R, and let S denote the set of
monomials in R r I. Prove that S is a finite set if and only if rad(I) ⊇ rad((X)).
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