KOSZUL COMPLEXES

Let R be a commutative noetherian ring with identity. Although not all work
included herein requires R to be noetherian, it simplifies matters quite a bit. This
compilation covers the equivalent definitions of the Koszul complex, showing that
the Koszul complex is independent of its generating sequence, showing that the
Koszul complex is self-dual, depth sensitivity, and the differential graded algebra
structure on the Koszul complex.

Additional and supporting information about Koszul complexes can be found
in several texts: Bruns and Herzog [2] Section 1.6], Sather-Wagstaff’s Homological
Algebra Notes [8, Section VI] (these notes can be found online at Sather-Wagstaff’s
website), Matsumura [5, Section 6], Foxby [4] (these notes are unpublished, see
Sather-Wagstaff for information), and Eisenbud [3, Chapter 17].

1. DAy 1

In this section we begin by setting notation and defining the Koszul complex.
There are three different ways of defining the Koszul complex; we may use the
mapping cone, the wedge product, or tensor products in our defintion. We use a
different notation for each definition (K(z), T'(z), and L(z)). We will show the
three definitions are equivalent. It should be noted that we can discuss the Koszul
complex in terms of ‘definition’ or ‘construction’. Different texts use a different
label: for the purposes of these notes we will use the term ‘definition’.

Notation 1.1. Let z1,22, -+ ,2, € R where n € N. Set x = z1,2z3, -+ ,2, and
@/) =21, X2, ,Tp—1-

The first definition of the Koszul complex that we present relies on the mapping
cone. For background information pertaining to the mapping cone see [8, Chapter
VL.3].

Definition 1.2. Let X be an R-complex. For each r € R, the map pu" : X — X
defined by pl (m) = rm is a chain map. For each i € Z, the induced map H;(u") :
H;(X) — H;(X) is given by m — rm.

Definition 1.3. We define the Koszul complex by induction on n.
Base case: n = 1. Then we define the Koszul complex to be the following:

K(z1)=0—- R R—0.
Inductive step: Assume that n > 2 and K(z') is defined. Then we define K (x) as
K(z) = Cone(K (&) 5 K () = Cone(yiz )

Remark 1.4. Note that /‘?(z') is a chain map. When we use the definition of

the mapping cone, Cone(,ui("(i,)) is a complex; see [§]. For more information about
mapping cones, see [4, 1.24] and [3 Section 17.3].

Notation 1.5. For an R-complex X, we let X; denote the ith component of X.
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2 KOSZUL COMPLEXES

Definition 1.6. Let X be an R-complex. The shift of X, denoted X, is defined
to be (£X); = X;_1 and 9FX = -9 |; see [§] for examples.
Fact 1.7. Consider the following short exact sequence:
0— K(z') — Cone(pyl () — YK(z') =0
Tn

where Cone(u K(I,)) = K(z). This induces a long exact sequence in homology:

0i—1=xn

v Hi(K(2) = Hi(K(z)) = Him1(K(2)) Hiy(K(2') = -
Recall that with the mapping cone definition of the Koszul complex we can write:
Ki(z) = K;(2') & K;-1(2)

Ki1(z) = Ki_1(2') ® K;_a(2).

From the short exact sequence of complexes
0— K(2')— K(z) > ZK(2') = 0

we have the following commutative diagram:

Kz‘(&/)
o— K@) & — K ()0
K 1(z)
aiK(ﬁl) T o
( 0 a@f”) -0t
4 K;_1(z)
0 ——— Ki1(z) & Ki 2(2') ———0
K;_o(2")

where ¢ and 1 are the natural injection and surjection maps (respectively). Let
y € K;_1(z') such that y € Ker(—(p)‘fi(l& )). Then we have the following:

w((§)=
(af{:/) 8%5”) ()= Cofitng) = (%)

We then define 8(y) = gz, = H;—1(x,) (7).

Next we define the Koszul complex using tensor products.

Definition 1.8. We define the Koszul complex by induction on n.
Base case: n = 1. Then we define the T'(z) to be the following:

T(z1)=0—R*5 R—0.
Inductive step: Assume n > 2 and T'(z') is defined. Then we define T'(z) as
T(z) =T(x1) @r T'(x2) ®r - - - @r T(24).
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Proposition 1.9. If X is a chain complex and y € R, then
K(y) ®r X = Cone(X & X).
Proof. We define the map
K(y)®X
0; W : Hp+q:i Ky(y) @r Xq — Hp«l»q:ifl Ky(y) ®r Xq

by rp ® x4 — 85(3’) (rp) ® zq + (=1)Prp ® 9X (24). The complex K (y) is defined to
be the sequence

Kly)=0— R L Ry —0.

In degree i, we have:

where
X; 2 Ry®r X;
Xi—1 2R ®r X1
Xi o= R ®rXi—a

(o
q"(o —a;:)

and ® is from the definition of the mapping cone. Thus in degree i we can write

Ro®r Xi  Ro®rXi-1 Ro®r Xi  rxwerx Ro®r Xia
&) — &) and &) _ &)
Ry ®r X5 Ry ®r Xi—2 Ry ®r X5 Ry ®p Xi_a.

For example, if e is a basis element of R; we have the following equalities:

o I1®x\ _ jkwex (1®x;
0 i 0
 (Ro®9* y® X 1®x;
- 0 ~Ry® 0%, 0
_ (1@ (z)
- 0
gEWeX 0 _(Ro®9*  y®Xi 0
2 eRx;_1 0 —R1 ®8Z)£1 e®T;—1

(i)

idg, ® 0 Y@ idy,_, )

. O
0 (—1)idg, ® X,

Hence we can rewrite ® as ¢ = (
Proposition 1.10. The mapping cone definition and the tensor product definition
of the Koszul complex are equivalent, that is T'(xz) = K(x).

Proof. We proceed by induction on n.
Base case: n = 1. By definition T'(x1) = K (z1).
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Inductive step: Assume n > 2 and T'(z’) = K(z’). Then we have the sequence:
T(z) =T(2') @r T(xn)

= K(z)
where the second step follows from the inductive hypothesis, the third step follows
from the base case, and the fourth step follows from Proposition [1.9 O
2. DAy 2

Proposition 2.1. For each integer i, one has K;(x) = R(.

Proof. We proceed by induction on n.
Base case: n = 1. The Koszul complex is the following sequence:
K(x1)=0—R>5 R—0.
We see from this sequence that each component of the Koszul complex is isomorphic

n
i

to R(Y) for i = 0,1
Ko(z1) = R~ R0)
Ki(z1) = R R0,
Inductive step: Assume that the result holds for K;(z’). Applying the mapping

cone definition of the Koszul complex we have the following sequence:
Ki(z) = K;_1(z") ® K;(2))

= r("7) @ RS
—r()
yielding the desired result. (]

We now present the third and final definition of the Koszul complex. This
definition uses the wedge product. For more information about the wedge product
see [2 Section 1.6].

Definition 2.2. Set Lo(z) = R with basis element {1} and set L;(z) = R"™ with

the basis elements given by the formal symbols {eq,---,en}. Set L;(z) = R(Y)
with the basis elements given by the formal symbols
{ejy Ao Aej | 1< i < < i <n}
We define the Koszul complex to be the sequence

HL (@) 35(}1) oL @) oL@
L(z) =0— Ly(x) —— Ly_1(z) — -+ = L1(z) —— Lo(xz) = 0

with the maps defined as follows:
0% Li(z) = Lioi(z)

where 97 (e, A+ Nej) = i (<1) a5 Ao NG, Acee Aey,. (By &, we
indicate that e;, is to be omitted from the wedge product.)
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Remark 2.3. Since L;(z) is a free module, to define the module homomorphism
af @ e need only to define what happens to the basis vectors. For instance, the
map 85@) : Li(z) — Lo(z) is defined by mapping e; — z; for j =1,...,n.
Example 2.4. Consider the following sequence:

L(z) L(z) L(z)
(2.4.1) 0 — Lg(z) —— La(z) = Li(z) —— Lo(z) — 0.

By definition, the module Lo(z) = R with basis {1}. For the remaining modules
we have the following:

Ll(g) = R3 with basis {61,62, 63},
Ly(z) = R? with basis {e; A ea,e1 Aes,ea Aes),
L3(z) @ R with basis {e; Aea Aes}.

To show that the sequence (2.4.1)) is exact, we show that the composition of two
maps is zero:

85@)(32”&)(61 Aes)) = alL@) (z1e3 — x3€1)
= xlaf/(i) (63) — IB@f(i) (61)
= T1T3 — T3T1
=0.

It is standard to check that the other basis vectors map to zero. For the other
composition map we have the following:

32L(£) (83L(§) (61 A €2 A 63)) = 85@ ($162 A €3 — Ig€1 A €3 + I3€q1 A 62)
= xlaf@) (62 A 63) - :c25‘2L(£) (61 AN 63) + xgaf@) (61 A 62)
= x1(22e3 — T3€2) — T2(T1€3 — T3€1) + T3(T1E2 — T2€1)
=0.
The second step follows from the fact that 85 @) is an R-module homomorphism,
and the fourth step is easily checked. The first and third steps are by definition of
the maps. Note that the signs are dependent upon the place an element has in the

list and not the element itself.
We can now see the shapes of the maps and write them as matrices:

L(z) § Lw _ [ L(z)
83 ) = —T2 82 ) = I 0 —XI3 81 = (3?1 X9 LL’g)
1 0 1 T2

It is standard to show that composition of these matrices yield the zero matrix.
This is sufficient to show exactness.

Next we show that Definition 2.2lis consistent with Definitions[[.3] and [L8 for the
Koszul complex. To accomplish this task we need to show three facts: L;(z) = R i ,
L(z) is an R-complex, and L(z) = K(z).

The first of these three is evident. We will concentrate on showing the second
fact for now and will prove the third fact later.

Lemma 2.5. L(z) is an R-complex.
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Proof. For any n and any i, we show that 8{‘

Then we have the following sequence:

(?oaf@ =0. Letej, A---Aej, € Li(x).

Y@ (e Ao Aey)

K2

[
= ofY (Z(—l)SH%% Ao NEj N A %)
s=1
i

s L(x —~
=3 (=D 0 P ey A AL A Aey,)

T s—1
=) (=) ey, (Z(—l)rﬂl‘y% Ao NEj N NE N Ney,

r=1

~

(3
+ Y (—1)’”:cjrej1A-~-A€jsA-~-AejrA~--/\eji>

7 s—1
=> (Z(—1)8+T+25Ejsxjr€j1 Noo NEj N NE N Mgy,

The sum is split in the third step to deal with the two cases in which e; may be on
the right or the left of the e;, already removed. Note that each basis vector occurs
in each list only once and that each list has an opposite sign. Because of this, the
elements cancel each other out.

Therefore L(z) is an R-complex. O

3. DAy 3

We now turn our attention to proving the fact L(z) = K(z). We will aslo show
L(z) = L(x1) ®r L(22) @ - - - @r L(x,). First we need a few definitions.

Definition 3.1. Define the submodule L;(z) C L;(x) to be:
Li(z) = ({ej, A--- Aej,| excluding wedges with e, }).

Note that with this definition we have L;(z) = R,
In addition, we can write L(z) as the following sequence:

Ln(g) PyZes) in—l(i) oL@
0o ¢ —‘— & — = & — & =0
0

En—l(&) Ln—Q(l) LO(i)
The maps from the above sequence are defined as follows:

i - L .
o 9
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Remark 3.2. L(z) is an R-complex. This can be seen by the following computa-
tion:

o (), (0 (-1,
0 o-@ 0 or@

1 'L—I
_ <0f<f>af<””> (1) 20 g + (—1>imnaf<”f>>
- L(x) aL(z
0 5i£5)aiff)
=0.
Definition 3.3. Let
Ei (&)
fz Li (i) — B 5
Lz—l(@)
be defined by
e . .
(O) if e does not contain e,

0 . .
N if e contains e,
eNe,

where e = ej, Aej, A---Aej, and €, indicates that e, has been removed from e.

Example 3.4. Consider the case where n = 3.

i L(z3) jzw L(w2) jrw L(21) jre Liwo)
L(zi,20,23) =0 & —— & —— & — @& —0.
L(CC2) L(l‘l) L(Io) 0
The basis vectors are as follows:

L(zs) .

2] is generated by the vector ( )
- e1 N\ es
L(x2)
L(ws)

&) is generated by the vectors (0> , <0) , (61 A e2>
~ €1 () O
L(JJ1)

&) is generated by the vectors “l ; 2 ) 0
- 0 0 1
L(l‘o)

i(l‘o) 1
fas) with basis <0> .
0
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Note also that L(x3) = 0. From this we build the following commutative diagram:

a;(ﬁ) 6§(£> alL (z)

P T

We need to show that the diagram commutes and that the maps f3, f2, and f;
are isomorphisms. To show that the diagram commutes we need only work with

the basis vectors. To show that the first square commutes, we compute 8; @ 4 f3

and fs 0 8?% @) as follows:
33%(&) (_1)1+3$3 0
0 QQL@ er ey
- Irs3eq N ()
o 32L@ (61 AN 62)

xr3e1 N\ eg
Tr1€2 — To€1

a:f@(f?)(el Nes Aes))

fg(aél(z)(el A €2 A 63)) = f2(217162 A €3 — Ig€1 A €3 —+ TI3€eq1 A 62)
= fa(w1e2 Ae3) — fa(z2e1 Aes) + fa(wser Aez)

( O ) ( O > ($361 N 62)
Tie2 T2€1 0

For the next square we have the following with respect to the basis element es A e3:

~ L(z) 142
L(x) _ (% (=) s (0
0y (fa(e2 Neg)) = ( 20 L@ es

[ —T3€2
(T
F1(05 (ea Nes)) = fi(waes — w3es)

=(o) - (757)

It is left to the reader to check the remaining basis elements and squares. It is
important to note that the sign change is necessary.

Proposition 3.5. We have L(z) = L(z).
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Proof. Since the maps are already defined, it remains to show that the following
diagram commutes:

f/i z) oL@ -Z/ifl(l')
~ @ — ~ @D
Ly (&) Li_» @)

We proceed by cases.
Case 1: e contains e,.

af@ (file)) = az‘i@) ((e /?%))

_ ( (=) zene, )

g;i(_l)l+1sz€j1 TARRRRA /e\jz AWARERA €ji

i—1
1079 (e) = fin (Z(—l)lﬂ%% Ao Nej N A 63@)

=1

= fifl <(_1)i+1mne A /e\n

i—1
+D (=DM ajep A AE A A %)
=1

(=) zene,
o 0

0
+ i— PN

< (D) e, A A A By A A %)
Case 2: e does not contain e,,.

- L(z) i+1
55D (1 :<ai (1) ) ()
(fi(e)) 0 81'{(?) 0

- (Zizl(—l)l“%‘len ARRRA AR ej,»,)
0

Fie1 (07 (e) = fina <Z(—1)l+1%€m N NG N A ejl-)

=1
(Ef_l(—l)l“le (S FVANEEA é}l VARERIAN 6ji)
0

Hence we conclude that the diagram commutes.

Remark 3.6. Note that we also have the map:

rCTD L)
Liz)2rMD 1 o =~ ¢



10 KOSZUL COMPLEXES

The definition we have for the exterior algebra can be written as a tensor product.

Proposition 3.7. There exists an isomorphism
L(z) = L(z1) ® - ® L(zp).

Proof. Base case: z = x1. We have L(z1) = L(z1).

Inductive step: Assume that L(z') & L(z1) ® --- ® L(zp—1). Note L(x,) =
K(xy,). In Propositionwe proved that K (y)®@rX = Cone(p% ) with differentials
given by multiplication by the matrix:

oX oy
0 -0~ )"

For this proof we use y = x,,. We show

L(z) = L(z1) ®r L(22) ®p - - @ L(zy) = L(2') @ L(zy).

Define the map g; : L(z) — L(z') ® L(x,) by multiplication by the matrix

b )

Then we have the commutative diagram with exact rows:

L,(z) Lo1(z) Li(z) Lo(z)
3 &) _ R D —_— e — R b ——
L,_1(z) L, _s(z) Lo(z)

Ly-1(z) La(z') Lo(z')
- D - s D — = O
Ln— (ll) Ln—Q(zl) LO(f/) 0

Each component of L(z') ® L(x,) has L;(z') = R("7Y). The maps down are one

to one and onto, therefore they are isomorphisms. Observe that 65 @ _ 81-L @)

Showing that the squares commute is left as an exercise for the reader. Applying
the inductive hypothesis we have

L(z) = L(z) = L(z) ® L(zy) = L(z1) ® -+ ® L(xy).
O

The next corollary proves that Definitions [I.3] and [2.2] of the Koszul complex are
equivalent.

Corollary 3.8. We have L(z) = K ().

Proof. For any n we have K(x,) = L(z,). This explains the second step in the
following sequence

L) 2 L(z1)® @ L(z,) 2 K(z1) ® -+ @ K(x,) = K(z).

The first step is from Proposition [3.7] and the third step is from Proposition [1.9
Thus L(z) & K(z). O
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4. Day 4

Now we show that the Koszul complex is independent of the generating sequence.
In other words, if (R,m,k) is a local ring and a1, - ,an,b1, - ,b, € R with
()R = (D)R, then K (a) = K (b).

It should be noted that for the proof given here it is necessary that the ring
is local. Although the Koszul complex is probably independent of the generating
sequence in the general case, we do not have at this moment a proof concerning
the general case. For the proof we present here, it is crucial that the generating
sequences we work with be of the same length. If the sequences are minimal gener-
ating sequences, their length must be equal. The proof given does not require that
the generating sequences be minimal, only that they have equal length.

Remark 4.1. Recall that K;(a) = R() with basis vectors {ei, N Neyy |1 <ip <

<o < i; < n} and we write e;; Ao AL A A ei; to indicate that e; has been
omitted from the wedge product.

Definition 4.2. Let a = a1, -+ ,a, € R be asequence. Fix e; A---Ae;; € Kj_1(a)
such that 1 < iy <--- <i; <n. Let 1 <1 < nanddefine e;Ae, A---Ae; € Kj(a)
to be as follows:

0 iflE{iQ,"' ,ij}
6[/\€i2/\"'/\€ij 1fl<Z2
—61'2/\61/\61'3/\"'/\61']. 1f12<l<13

TV VANE '/\62‘]. =

S+1/\~~/\e¢j ifi5<l<i5+1

(1) ey, Ao Aei, AepNe;

(—1)j+16i2 /\-~~/\eij N ep if ij <.

Each time we permute the order of the wedge product, we multiply by —1. Thus an
even number of permutations yields a plus sign and an odd number of permutations
yields a negative sign.

Lemma 4.3. Leta=ay, - ,a, € R be a sequence. Then

J

O W erNeiy N Neyy) = miei, Ao Aeg + 3 (=D F aer ey A AG, A+ Ae,.
t=2

Proof. Case 1: | € {ig,--- ,i;}. We see by Dcﬁnitonthat

8;{@(6[ Neiy N---Nejg;) = 0.
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Assume that [ = i4 for some s. For the right hand side of the desired equality we
have the following;:

RHS:IiSEiQ/\"'/\BiS/\"'/\eij

~

+ (=1 ai e, Aegy Ao NEL A Ney,
+ Z (—1)t+1xit6is /\67;2 AREE /\/e\l-t AR /\ei].
t>2,t#s

:xiseiz/\-~-/\eis/\---/\eij

+ (—1)S+1$i86i5 N Ciy VA /\é\is VANCIERIVAN eij
:xiseiz/\-n/\eis/\-n/\eij

+ (*1)S+1(71)S:L'isei2 AREEAN T VANERA €i;
= 0.

In the first step we separate the sum where ¢ = s from the larger sum. In step two,
the sum 292’#5(—1)“11‘“6“ Ne€iy A=+ N€;, N---Ae;, vanishes since e; Aeg =0
appears in every term of the sum. By permuting the order of the wedge product in
step three, we have a sign change. This produces the cancellation in step four.

Case 2: 45, < | < igy; for some s € {2,...,j}. For the left hand side of the
desired equality we have the following;:

LHS = (—1)"M0F W (e, A Ney, Aeg Neiy Ao Aeiy)

S
= (—1)**! (Z(—l)txiteh Ao NE A Neg, ANep Aeigy Ao Ay,
t=2

+ (=1 M aes, A--- Ae, Nei g N Nej,
j
Y D) MmN Ae NerNei N NE A Ae .
t=s+1

The second step splits up the sum into the cases where e; is the the right, between,
and to the left of the wedge e; Aesy1. For the right hand side of the desired equality
we have the following:

RHS = zje;, A+ Aey,
S
+Z(_1)t+1xit6l N e, /\"'/\git N Neg, /\-~-/\eij
t=2

J
+ ) (D) T m e Aei, A Aeq, Aeq A NB A Aeg,
t=s+1

s
+ Z(—l)t+1(—l)sxitei2 AR /\’e\it N---Ne;, Ney Nei, AR /\eij
t

=2
J
+ Z (—1)t+1(—1)5+1$it6i2 VANEERWAN €ig NepNe;
t=s+1

Ao NE Ao Ny,

s+1
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For the second step, the element e; is moved in two of the sums and the wedge
product is multiplied by the necessary sign change. By matching up the terms
from the LHS and RHS, we see that the two are equal.

Cases 3 and 4: | < iy or i; < l. These cases are similar to Case 2 and are left to
the reader as an exercise. O

Lemma 4.4. Let b=by,--- ,b, € R and set a1 = 2?21 riby such that r; € R for
alll=1,--- ,n. Let bl = ai,ba, -+ ,by,. Let the basis vectors of K(QT) be in terms
of the elements e;, and let the basis vectors of K(b) be in terms of the elements f;.
Define the map

v K (') = K(b)
as follows:

in degree 0 1+ 1

€1 — 27:1 Tlfl

in degree 1 .
e — fi fori>=2

erNei, N Ney, — S i N fiy A A fiy

in degree j = 2
~ 62‘1/\~‘~/\€ij*—)fil/\"'/\fij.

Then v is a chain map.

Proof. To show that v is a chain map, it suffices to show that the diagrams commute
with respect to the basis elements.

K (e

(") = K; 1 (b)) — -

le lel
HE®

Kj(b) —— K 1(b) — -~

K

For the case where j = 1, we have the following diagram:

oK @h
R*"——R

lQﬂl lid
aK@)

R" 1 > R.

Below are the basis vectors. On the right is the case where i = 1 and on the left is
the case where 7 > 2

n
e ———a1 =, ;1 e; —b;

I Lol

2?21 Tlfl —> 27:1 r1b; fl 0.
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When j > 2, we have two cases. We show first the case where i; > 1:
e N Ney, —> Zg=1(_1)t+1bit@i1 A NE, N Neg,

fi1 /\"'/\fij '—>Z%:1(—1)t+1bitfi1 /\"'/\fit /\"'/\fij-

Next we show the case where i; = 1.

s
de_l(ajK(b )(61 Nejy, N+ A €ij)) = 1/}j_1 <a16i2 JANRERWAN €i;

J
+ Z(—l)t+lbit€1 A\ €iqy A A /G\Z't VANREIAN eij>
t=2

1fig N A figt

J n
Z(_l)tﬂbn (Z PN fig Ao N fig A A fz;)

t=2 =1

Il
)

3;{@(%‘(61 Neiy N Neij)) = 3;{@ (Zﬁfl A fi, /\"'/\f¢j>

=1

= iﬂ (3;_’((1’)(]0[ A fi /\"'/\fi,-)>
=1

= Zﬁ (blfiz AREERAW R

=1

J
+Z(_1)t+1bitfl A fi, /\.../\ﬁt /\"'/\fij>

t=2

I
M=

ribifi, Ao A fig+

1

(~1)"*b,, (Z FURLA fig N A Fi A A fz-j>

t =1
:alfiz /\/\fz]+

J n
D (=D, (Z PN fig Ao N fig A A f¢j>

M-

I|
N

t=2 1=1
where the third step in the second sequence above follows from Lemma [4.3] (I

Lemma 4.5. Let by, - ,by, 71, -+ ,mn € R and assume that r1 is a unit. Define
ar =Y, rib and b =ay,bs, - ,by. Then the map

v K@) = K(b)
is an isomorphism.

Proof. We proceed by constructing the inverse to ¥. Note that ¢ is well-defined.
Since 71 is a unit, we can solve the equation a; = Z?zl rib; for by, obtaining
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by = r; (ar — Y;, mibi). Using a procedure similar to that in Lemma the
sequence a1, by, - - - , b, gives rise to the sequence by, bs, - - - , b,,. There exists a chain
map

o K(b) = K(b)
that maps the basis vectors as follows:

n

fi— rfle1 — g rflrlel
1=2
fir—e; for ¢>2.

The wedges are defined with a procedure similar to that in Lemma [{.4]

Next we need to show that the compositions of the maps ® and o yield the
appropriate identity. We show the case for ® o 1) and leave the other case as an
exercise for the reader. It suffices to check the basis vectors with the following
computations:

¢)<w(€1/\ei2 /\"'/\eij)) :q)<zn:rlfl/\fi2/\"'/\fij>

=1

=r®(fi A fi, /\"'/\fij)'i‘zrl‘b(fz/\fiz AN fiy)

=2

n
7‘1<T1_161/\6i2/\~~~/\6ij E rl_lrlel/\eh/\uo/\eij)
1=2

n
—I—Zrlel/\ew/\---/\eij
=2

:61/\6i2/\'-~/\€ij

P(p(er)) =@ (Z Tlfl)

=1

ri®(f1) + @(Z mﬁ)

=2

n n
-1 -1
=ri|r e1— E ryre |+ E rie;
=2 =2

= e€1.

O

Remark 4.6. For following theorem, we use Nakayama’s lemma; this popular
lemma can be found in many sources including [I, Proposition 2.6], [5, Theorem
2.2], or [6, Proposition 4.51]. For this purpose we assume that the ring (R, m, k) is
local. Since there exists a version of Nakayama’s lemma for the non-local case, it
would also suffice to assume that the sequences used are contained in the Jacobson
radical. As another alternative, there exists a version of Nakayama’s lemma for
graded rings; see [2, Exercise 1.5.24].
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Theorem 4.7. Assume that (R,m,k) is local. Let a = a1, ,a, € R and b =
b1, -, by € R such that I = (a)R = (b)R is a minimal generating sequence. Then
K(a) = K(b).

Proof. Step 1: We claim that for alli =1,--- ,n we have a; ¢ (a1, -+ ,a;_1)R+ml.
Note that this is a version of Nakayama’s lemma. Since @y, ---@, € I/ml is a basis,

we conclude that @y, --- ,a;_1,a; are linearly independent.
Step 2: We claim that there exists r11,- -+, 71, € R such that
n
(4.7.1) ay =Y _rijb;
j=1

where 7;; a unit for some j. If not, then r;; € m for all j. This implies that
a; € ml. But since a; is a minimal generator for I, this is a contradiction of
Nakayama’s lemma.

Step 3: Reorder by, - - - , by, such that r1; is a unit. We claim I = (a1, ba,-- ,b,)R.

D: This containment is evident.

C: Since I = (b)R, it suffices to show that b; € (a1,b2,--- ,b,)R for all j =

1,---,n. When j > 2, this is clear. In the case 7 = 1, since ry; is a unit we can
solve equation ({.7.1)) for b;. Then by = (a1 — Z?:z r1;b5) € (a1,b2,- -+ ,bn)R.
Step 4: Since as € I = (ay,ba,--+ ,by)R, we have the equation as = r91a1 +

2?22 r9;b;. We claim that there exists a j > 2 such that ry; is a unit. If not, then
as € (a1)R 4+ mlI. This contradicts Step 1 when ¢ = 2.

Step 5: Reorder by, - - , b, such that r95 is a unit. Using the method in Step 3,
we conclude that I = (a1, az,bs,- - ,b,)R.

Step 6: In this step we use what is informally known as Roger Induction (see
Sather-Wagstaff for an explanation). We reorder the b;’s so that a; = Z;;ll 705 4
Z?:i rijbj where Tij is a unit and I = (0,1, sty -1, bi, cee ,bn)R

Step 7: Lemma explains the even steps in following sequence:

K(b) :K(blv"' 7bn)

>~ K(ay,ba, -+ ,by)

>~ K(bg,a1,b3, - ,by)

>~ K(ag,a1,bs, - ,by)

>~ K(ar,az, -+ ,an)

= K(a)
The first and last steps are by definition. The remaining steps follow from Defini-
tion [LY O

When we remove the assumption that the generating sequences are minimal from
the above theorem, the result is the following.

Theorem 4.8. Let (R,m,k) be a local ring. Let a = a1, ,a, € R and b
bi, -, by € R such that I = (a)R = (b)R is a generating sequence. Then K(a)
K(b).

1l

Proof. If the sequences are minimal generating sequences, then we are done. As-
sume then that the sequences are not minimal. Nakayama’s lemma implies that we
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can reorder any sequence so that the initial elements are minimal and the remain-
ing elements are redundant. Reorder a and b so that ay,--- ,a,, and by, --- ,b,, are
minimal generating sequences.

We show that K (b) =2 K (b1, - ,bm,0,---,0) where there are n—m zeros. Since
bmi1 € I = (b1, -+ ,by)R, we can write by, 11 = Z;n:l r;b; for somery,...,ry € R.
Then 0 = 377" ) 75bj+(—1)bmy1. Since —1 is a unit, Lemmayields the following
sequence:

K(bla"' 7bm7bm+la"' abn) = K(b1,~'~ 7bm707bm+27"' 7bn)

> K(b1, +* ,bm,0,---,0).
This explains the first and fifth steps in the following sequence:
K(b) = K(by,-+ ,bpm,0,---,0)
= K(by, -+ b)) ®@r K(0,---,0)
K(ah'" ,am) ®RK(07"' ’0)
K(al’... s, 0,0+ ,O)
>~ K(a).

The second and fourth steps are by definition and the third step follows from
Theorem E.7 O

1%

|14

The next example shows that although it is not necessary that the generating
sequences ¢ and b be minimal, it is necessary that the sequences be of the same
length for K(a) to be isomorphic to K (b).

Example 4.9. Consider the complexes K(0) and K(0,0). These complexes are
not isomorphic nor are they quasiisomorphic. We have the following;:

K0)=020>2RLR—-0~RaIR
K0,00=0RS RS R 0=ROLR>® IR
The homologies are different as well:
H;(K(0)) = K,(0) = R0
H;(K(0,0)) = K;(0,0) = R().
Thus K(0) and K(0,0) are not even quasiisomorphic much less isomorphic.

Example 4.10. The Koszul complexes K (z) and K(z,0) are not isomorphic nor

are they quasiisomorphic.

Lemma 4.11. Ifu € R is a unit, then K(u,as, -+ ,a,) is exact.

Proof. Using the mapping cone definition of the Koszul complex, we have
K(u,a2, -+, a,) = K(u) ®g K(az, -+, an) = Cone(Uf(ay,... a,))-

Since u is a unit, the map ,u}‘((

. . . u .
az, say) 15 A1 isomorphism. Thus Pk (ag,eee san) 15 @

quasiisomorphism and Cone(/f;((a2 i )) is exact. O
bl yYn

Theorem 4.12. Let a1, -+ ,ap,b1, - ,b, € R such that (a)R = (b)R. Then we
have the following:
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(a) For all p € Spec(R), we have H;(K(a)), = H;(K(b)), for all i.
(b) Fiz an integer i. Then H;(K(a)) =0 if and only if H;(K (b)) = 0.

Proof. For part @, we have the following sequence:
Hi(K(a)p = Hi(K(a)p) = Hi(K(b)p) = Hi(K (b))

The first and last isomorphisms are R,-module isomorphisms. For the second step,
the equality (a)R = (b)R implies that (a)R, = (b)Rp. Theorem implies that
K% (a) = K (b) yielding the desired isomorphism.

For part (]ED, we use the fact that homology is a local property. Part @ implies
that H;(K(a)) = 0 if and only if H;(K(a)), = 0 for all p € Spec(R) if and only if
H;(K (b)), = 0 for all p € Spec(R) if and only if H;(K (b)) = 0. O

5. DAY 5

Our next goal is to show that K (x) is self-dual, that is, we show
Y"Homp(K(2),R) = K(x).
This is accomplished in Theorem Before we get to that, we introduce some
background information about homomorphisms of complexes together with shifts
of complexes, and some natural maps. Much of the following information can be
found in [4].
Remark 5.1. Let X and Y be R-complexes. Then Hompg(X,Y) is an R-complex
where the Ith module is defined as
Homp(X,Y); = [ [ Homp(X,, Ypr).
PEZL
The maps of the complex Hompg(X,Y") act on a family of R-module homomorphisms
(ap) € [[,ez Homp(Xy, Ypt1) where o Xj, — Yj4y. These maps are defined as
follows
oemr(XY) Homp(X,Y); — Homp (X, Y)1_y
where alHomR(X’Y)((ozp)) = (0, 00, — (=1)ap_1 0 ;) and

@0y — (=)' ap_100y) : Xp = Yypioa.

See [, (3.1)] for details showing that the above map is a chain map.

Example 5.2. Compute X! Homg(K (z), R) = ¥ Homg (K (z), R). We have the
following sequence

K(z): 0 R—"+=R 0

degree : 1 2.

We compute the components of the complex
Homp(K (z), R); = | [ Homg (K (2),, Rp1)-
PEZL

We have R,y # 0 when p+1 =0 and K(z), # 0 when p =0 or p = 1. Thus there
are two cases which we need to check. In the case where p = 0 and | = 0, we have
the following

Homp(K (z), R)o = Homp (K (z)o, Ro) = Hompg(R, R) = R.
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For the case p =1 and [ = —1, we have the following
Homp(K(x),R)_1 = Hompr(K(z)1, Ro) = Homg(R, R) = R.
For the maps, we have by definition
Hompg(K(z),R T
9 D (0)) = (9 0 @y — (—1)°ape1 095 )).

K(z)

Since the map 8R =0 for all p and 9 =0 for all p # 1, we have the following

8§IOmR(K($)7 )((Ozp)) =(---,0,—go0 31K(1)707 ).

Thus we have —ag o 71 = —9{¥ and hence
Homp(K (z), R) : 0 R—%R 0
degree : 0 1.

Then we have

Y Hompg(K(z), R)o = Homp(K(z),R)og-1 = R
ZHomR(K(x),R)l = HomR(K(x),R)l_l =R
Y Homp(K(z),R); =0 for i #0, 1.

Thus we have the following complex and map:

¥ Homp (K (x), R) : 0 R—"=R 0

degree : 1 0

82Homn K(z),R) _ (—1)(—.%‘) = .

The following lemma can be found in [, (3.29)] described as the covariant Hom
and shift functors.

Lemma 5.3. Let X and Y be R-complexes. Then one has
Hompg(X,X™Y) =2 ™ Homp(X,Y).

Proof. We proceed by definition showing that the modules and the maps are the
same. We begin by considering the left hand side of the desired isomorphism:

Hompg(X,X™Y), H Homp(X,, (X™Y)p41) H Hompz(X,, Ypii—m)-
PEL pEZL
For the right hand side of the desired isomorphism, we have the following:
Y™ Hompg(X,Y); = Homg(X,Y), HHomR o Yoriom)-
pEL

Since they have the same modules, it remains to show that the maps are also the
same. For the left hand side, the maps are as follows:

RPN () = G 0~ (Vg o)

= (=1)" 1m0 0p = (=1) ap_1 0 ).
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The maps for the right hand side are as follows:
o MmO () = (<)M (0)
= (D)™ (@m0 @y — (~1) a1 0)
= ((—l)mﬁg;l_m o, — (,1)lap_1 o 3;().
Since the maps and the modules are the same, we have the desired isomorphism. [

The following lemma can be found in [4, (3.46)] described as the contravariant
Hom and shift functors.

Lemma 5.4. Let X and Y be R-complexes. Then one has
Homp(X™™X,Y) = Y™ Homg(X,Y).

Proof. We proceed by showing that Homg(X~"™X,Y) &2 Hompg(X,X™Y) and ap-
plying Lemmal[5.3]to achieve the desired isomorphism. With regard to the modules,
we have the following for the right hand side:

Homp(X "X, Y); = [[ Homg((X™"X),, Ypi1)

PpEZ

= H HomR(Xp-i-mv Yp-i-l)
pEZ

= H Homp(X,, Ypii—m)-
pEZ

For the left hand side we have the following:
Homp(X, £"Y); = [ [ Homp(X,, (£"Y)p11)

PEZL

= H Homp(X,, Ypii—m)-
PEZL

Next we want to show that the map
v:Homp(X,X"Y); - Homg(X™™X,Y),
is a chain map, giving us the desired isomorphism. Define the map
v, : Homg(X,X"Y); — Homgp(X " "X, Y),
by (ap) — (=1)™(aprm). We need to show

vi_100 v.

lHomR(X,ZmY) _ alHomR(Z_mX,Y) o
For the left hand side, we have the following:
-1 (9] Y (0,))) = v (027 0 4 — (=) a1 0 0Y))
— ()P @I o apim — (—1) At 00%,)
— ()01, 0 i

— (=D'aprm-10 054
= ((—1)m(l_1)+ma§+l O Qptm

— () 00K,

= ((_1)ml3;/+l 0 A — (=1)™ oy, g0 X))
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On the right hand side we have

8l}lomR(Z_mX,Y) (l/l((ap))) 8[]’IOmR(Z_mX,Y)((_1)ml(ap+m))
D)™)o appm — (=1)™ M ap 08y "X

mlaY ml+l+m X
1)™0p 110 0pgm — (—1) ptm—1 0 Op .-

(
(
Since (—1)™ = (—1)~™, we have equality and the map v is a chain map. O

6. DAYS 6 AND 7

Our goal is still to show that the Koszul complex is self-dual. Before we can
accomplish this task, we must first discuss the Hom-tensor adjointness map over
complexes.

Remark 6.1. Let L, M, and N be R-modules. Hom-tensor adjointness for modules
is the map

p: Homp(L ®r N, M) — Hompg (L, Homg(NM,))
given by
p(¥)()(n) = (@ n)

where l € L, n € N, and ¢ € Homg(L ® g N, M). This map is always an isomor-
phism; see [7, Theorem 2.75, 2.76]

The following lemma can be found in [4, (5.4)] with the proof at [4, (5.9)].

Lemma 6.2. (Hom-tensor adjointness of complexes)
Let X, Y, and Z be R-complexes. Then there exists an R-complex isomorphism

PZY X - HOIHR(Z Xnr Y,X) — HOIHR(Z, HOIDR(}/7 X))

Proof. We use Remark to show the existence of isomorphisms between the
modules of the two complexes in the above map. We write the I[th component of
each complex in terms of a module. Modules of the complex Homg(Z @Y, X) are
as follows:

Homp(Z ®p Y, X); = [[ Homp((Z @5 Y ), Xns1)

nez

o H HomR(H(Zp ®r Yn_p), Xnti)
nez PEZL

&= H HomR(Zp QR Ynfzh Xn+l)
p,nEL

= H Hompg(Z, ®r Yin, Xmip+i)-
p,mEZL

The first and second steps are by definition. The third step is standard, and the
fourth step follows from setting n = m + p.
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Modules of the complex Hompg(Z, Homg (Y, X)) are as follows:
Hompg(Z, Hompg(Y, X)); = H Homp(Z,, Homg (Y, X),11)

PEL

= H Hompg(Z,, H Hompg (Yo, Xomipi1))
PEZL me”ZL

=~ [] Homp(Z,, Homp(Yim, Xmipti))-
PMEL

The first and second steps are by definition and the third step is standard.
Remark [6.1] implies that there exists an isomorphism between the individual
modules. To show that the isomorphisms between each component yield an iso-
morphism of complexes, we show that all the diagrams commute.
Set

Uy = [[ Homp(Z ®g Yo, Xpa1) = [ [ Homp([[ 2, @5 Xo—p, Xnt1)
ne”Z neZ PpEZ

and U] =[] Homp(Z,®rY,—p, Xn+1). Then the following diagram commutes

n,pEZ
]

U——U]

o

U_1——=U_,.
=1 PR
We have the following commutative diagram

€
Zy @R Yn—p —> ez Zp Or Yoy

Qn
Q. 0€p

Xn—i—l

where ¢, is the inclusion map and o, € Homl.;f(]_[pEZ Zp @R Yn—p, Xny1). For
Bn.p € Homp(Z, ®g Yi—p, Xny1), we have the following:

Z ﬂn,p : H Zp QR Ynfp — XnJrl
PEZL pEL

{2p @ Yn—p}tp — Z Brp(2p ® Yn—p)-
pEL

The next display defines the maps between U; and Uj.

¢+ [[ Homp(]] Z» ®r Yo-p, Xnt1) — ][ Homg(Z, @& Yo p, Xnt1)

neZ PEZ n,pEZ
{on : [] Zp ®r Ynp = Xnsidn — {om 0 & 1 Zy @ Yooy = Xngidnyp
PEZ
s [[ Homp(Z, @k Yn—p, Xns1) — [[ Homp(][ 2, ®r Ya—p, Xnt1)
n,pEZ neL pEZ

{Bnp : Zp Or Yop = Xntitnp — {Z Brp H Zp QR Yn—pln
pEL pEL
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If we start with a map in U/, then by applying ¢; o@lU o we have the following:
Vi{Brp : Zp Or Yn—p = Xntitn,p)
= {Z Brp H Zp ®R Yn—p = Xntitn

PEZL PEZL

alU {Z Brp H Zp ORr Yn—p = Xntiln

pPEZ pEZ

= {aT)L(-‘rl : Zﬂn,p - (*l)l
PEZ

Z 5n+l71,p ° 85®RY : H ZP @R Yn*p - Xn+l71}n

pEL peZ

¢l({ar)z(+l o Z Bnp — (—1)l Z Brti—1,p O 35®RY}TL)
PEZ pEZ

- {67);'[ Z ﬁ"ap o€p— (_1)l Zﬁn-i-l—l,p © 85®RY o€y

PEL pEZL

1 Zp @R Yn—p = Xnti-1}np
And as an aside we have written:
55@33’(% ® ynfp) = 8pZ(Zp) & Yn—p + (_1)p2p ® 8737,/7p(y’ﬂ*17)
Z 5n+l71,p(af®RY(€p(zp ® Yn—p))) =
PEL
Z BnJrlfl,p(' =50, apZ(Zp) ® Yn—p> (_1)pzp ® 63:—;)(3/71*17)» 0,--)
pEZL
= ﬁnﬂfl,p*l(apz(zp) ®Yn—p + (—1)P2p ® a?zip(ynfp))
= (Buti—1p-10° (0 ®r Yn—p) + (=1)"Brsi—1,p-10° (Zp, @R 0 _,)) (2p @ Yn—p).
By applying 67 "toa map in U}, we have the following:
o =0, 1Bup — (=1 (Busi—1,-10 (9 ©r Yuop)+
(_1)p+l6n+l71,p © (Zp QR 831/—;)))(217 Y ynfp)~

Next we set

W, = [[ Homg(Zp, [[ Homg (Yo, Ximtpr1))
pEL meZ

and W} = [, ,ez Homg(Zp, Homp (Y, Xm+pt1)). Then the following diagram
commutes in a manner similar to the previous diagram:

where we have
alW(Um,p(Zp)) = a;ﬁmﬂO(Umyp(zp))*(*1)p+l(Umyp(zp))oar};*(*1)l‘7m,p—1(apz(zp))
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for 0y € [1,e Homp(Zy, [1,,ez Hompr(Xom, Yinipt1)) and 2, € Z, for all p € Z.

Note that each p; is a natural isomorphism — we leave this to the reader to verify.
It remains to show that p is a chain map by showing that the following diagram
commutes:

Pl
W ——U]

8lvvll lall]/

Wi 5= Uy
We have the following equation

(pr-10 alW)({Um,p}m,p) = plfl(alW/({Um,p}m,p)) $Zp QR Ym = Xnypyi-

For any 2z, ® ym € Zp, ®r Yy we have

Pl—l(alW/({Um,p}m,p))(zp ® Ym) = 31‘/V/({Um,p}m,p)(zp)(ym)
= et (Tmp(2p) (Yim))
= (=P (0mp(2)) (O (Yim))
~ (=1)"(Omp-1(8; (2p))) (ym)-
For the other direction we have
alU,(Pl({Um,p}m,p)) = afri+p+l © Pl({am,p}m,p)m+p,p

- (*1)lpl({‘7m,p}m,p)mm—1 ° 8; ®r Ym
— (D" ({0 p b )10 © Zp B O

Evaluated at z, ® ym € Z, ®r Yy, we have
Ot (Omp(2p) (Um)) = (1) (Om p-1(87 (2))) (ym)
- (_1)p+l(Um,p(zp))(ayi(ym))-

Therefore the diagram commutes as desired. ]

7. DAY 7
The following theorem can be found in [2, Proposition 1.6.10(b)].

Theorem 7.1. K(x) is self-dual, that is, X" Homp (K (z), R) = K(z) where z =

Zyi,- s Ty«

Proof. We proceed by induction on n. The base case is from Remark
Inductive Step: Assume that the theorem holds for the case n—1. The inductive
hypothesis implies the first of the next two isomorphisms
K(xlv T xn—l) = zn_l HOmR(K(l'l, T xn—l)7 R)
Homp(K (2,), R) = X 'K (2,).
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The second isomorphism follows from the base case. These isomorphisms and Hom-
tensor adjointness explain the second step in the next display:

Y"Hompg(K(x1, ,2n), R) £ X" Homp (K (x1, - ,2pn—1) Qr K(z,), R)
>~ ¥ " Homg (X" Hompg (K (z1,- - ,2n_1), R), L 'K (z,))
> yry =y~ Homp(Homp (K (21, ,2n_1), R), K(,))
>~ Hompg(Hompg(K (21, ,2n-1), R), K(z,))
>~ K(x1,  ,Zn-1) ®g Hompg (R, K (z,))
> K(x1, - ,2n)-

The first step is by definition of the Koszul complex and the third step is from
Lemmas and The fourth step follows from definition of shift and the sixth
step is tensor cancellation together with the definition of the Koszul complex. The
fifth step follows from Hom-evaluation, which is proved in the next theorem. ([

Remark 7.2. Let X, Y, and Z be R-modules. The Hom-evaluation homomor-
phism for modules is the map

QXYZ: X ®r HOIIIR(YV7 Z) — HOIHR<HOH1R(X, Y),Z)

defined by Oxyz(z ® ¥)(¢) = ¥(p(x)). This map is an isomorphism when X is
finite and projective or when X is finite and Z is injective; we only need the first
condition, see [7, Lemma 3.55].

The following theorem can be found in [4, (5.6)] with the proof at [4, (5.11)].

Theorem 7.3. Let X, Y, and Z be R-complexes. If Z is a bounded complex of
finitely generated projective R-modules, then there exists an isomorphism of com-
plexes

Z @r Hompg(Y, X) 2 Homg(Hompg(Z,Y), X).

Proof. We need to show that both complexes have the same modules and that the
differentials match up. We will show the first and leave the second for the interested
reader.

Set U = Z @ Homp(Y, X) and W = Homg(Hompg(Z,Y), X). Then in the /th
index of U we have the following modules:

Uy =[] Z» ®r Homa(Y, X),_,
PEZL

=112 @r [] Homp (Yo, Xnsi—p)
PEZL meEZ

- H Zp QR H HomR(YTm Xm+l7p)
PEZ mEZ

= H Z, @ Homp (Yo, Xont1—p)-
p,MEL
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In the Ith index of W we have the following modules:

W, = || Homp(Homp(Z,Y ), Xp41)

nez

= [ [ Homp(] [ Homga(Z,, Yyin), Xns)
neE”Z PEZ

= [[ Homg (][ Homp(Z,, Ypin), Xnti)
ne”Z PEZ

= [] HomgHomp(Zy, Ypin), Xnt1)
n,pEZ

=~ [ 2, ®r Homp(Ypin, Xns).
n,pe”Z

The third step follows from the fact that Z, is bounded and the last step follows
from Remark because Z,, consists of finitely generated projective modules. The
modules are the same by setting p +n = m. O

8. DAY 8

The goal for today is to show that (z)H;(K(xz)) = 0 for each i where x =
Z1,%9, + ,xq € R and K(z) is the Koszul complex. First, we need a few lemmas
concerning null-homotopic morphisms; see [4, (1.45)] for defintion.

Lemma 8.1. Let X, Y, and Z be complexes and let oo : X — Y be a chain map.
If a ~ 0, then a ®g Z ~ 0.

Proof. 1t is left to the reader to show that o ®r Z is a chain map. Recall that

a®pZ : X®prZ — Y ®rZ can be written as [ [, ,_; X, ®rZg = [, =i Yr®rZg
where in each coordinate we have the map
X, ®rZy — Y, ®r Z,
Tp ® zg > afxp) ® 24.
Since a ~ 0, there exists S; : X; — Y with oy = S;_1 09 + 0, 0S,. Let

ti : (X ®r 2)i > (Y ®R Z)iy1, otherwise written as ¢; : [],,_,_; Xp ®r Zg —
[, q=it1 Yo ®r Zg, be defined in each coordinate as follows:

Xp ®r Zg = Ypy1 ®R Z4
Tp ® 2 > Sp(Tp) @ 2z4.
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To show that ¢;_; o 8Z»X®RZ + ﬁfﬁmz ot; = (¢ ®r Z); we have the following com-
putations:

(tie1 00877 + 97877 o t;) (2, ® 2)
= ti-1(8] “"% (1 ® 2) + LT (ti(2p © 2¢)))
= ti—l(ag( (xp) ® zg + (_1)pxp ® 5qZ(Zq)) + 83/—(?}22(517@17) ® Zq)
= p—l(a;((xp)) ® zg + (=1)"Sp(zp) ® aqz(zq)
+ a§+1(sp(wp)) ® zqg + (-1 )p+1sp($p) ® an(Zq)
Sp-1(05 (2p)) ® 24 + 0y 41 (Sp(p)) ® 24
= [Sp—1(8; () + 1 (Sp(2))] @ 24
= ap(zp) ® 24
= (a®r Z)i(wp ® zq).
O
Lemma 8.2. Let X and Z be complexes and let 'y : X — X given by x — at be
a homothety map. Then we have the following equalities
(a) /ig( ®Rr 4 = N&@RZ;
(b) Hompg(pk, Z) = ,u%omR(X’Z); and
(c) Hompg(Z, p) = NtHomR(z,X)'
Proof. We will show the proof for part @ and leave the rest as an exercise for the

reader.
We have the following computation:
(bx ©r Z)i(Tp ® 29) = (I )p(2p) OR 2
(tzp) © 2zq
t(zp ® 2q)

HX@RZ(zp ® zg)-

O

Lemma 8.3. Let X and Y be complexes and let o : X — Y be a chain map. If
a~ 0, then H;(a) = 0 for all i.

Proof. Since a ~ 0, we have a; = S;—1 09X + 8}, 0 S;. Then H;(a) : Hi(X) —
H;(Y). Let {8} € Hy(X). Then g8 € Ker(alx) and this explains the third step in
the following sequence

Hi(a)({8}) = {a(B)}
= {8i-1(87 () + 0;11 (S:(B)}

= {01.1(Si(8))}
=0.

The fourth step follows from 9}, (S;(8)) € Im(8},,). O

Corollary 8.4. Let X and Y be complexes and let o, o’ : X — 'Y be chain maps.
If a ~ o/, then H;(«) = H;(¢) for all i.
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Proof. Since a ~ o', we have @ — @/ = 0. This implies that H;(ov — o’) = 0 for all
i. Thus H;(a) — H;(a) = 0. Hence we conclude that H;(a) = H;(a). O
Lemma 8.5. Let X be a complex and let 'y : X — X be a homothety map. Then
Hi (1) = Mg, 0 -
Proof. Let {#} € H;(X). Then we have the following computations:
H;(ui)({8}) = {ux (8)}
= {1}
= {8}
= i, x)({8})-
O

Proposition 8.6. Let x = 21,x9, -+ ,2q4 € R and let K(z) be the Koszul complex.
Then (z) H;(K(z)) =0 for each i.

Proof. Tt suffices to show that x1 H;(K(x1) ®g L) = 0. First we show that we have
u”]”(l(zl) ~ 0 by the following diagram

x1

0 R R 0
SRk
02> R-"oR 0.

Since u?(m) ~ 0, Lemma implies that ’LLJI;{l(iEl) ®pr L ~ 0. Then by Lemma
we have p?(ml) ®r L = “Kl(xl)(_sz‘ Thus u?(m)@RL ~ 0. Lemma implies
that Hi(”?(:cl)(@RL) = 0 for all ¢. Then by Lemma we have Hi(ua}j{l(l'l)@RL) =

pI’flli(K(zl)@RL). Therefore we conclude that x1 H;(K(z1) ®g L) = 0.

9. DAy 9

We now discuss depth sensitivity. For definitions pertaining to regular and
weakly regular sequences, see [2] Definition 1.1.1]. The first part of the next theorem
is also proved in [2, Theorem 1.6.16]

Theorem 9.1. Let M be a non-zero R-module and let x = x1,--- , x4 be elements
of R.
(1) If () contains a weakly M -regular sequence of length t, then
Hj_a(K(z; M)) =0

forall j < t.
(ii) If M is finitely generated and xM # M, then we have depthp (K (z; M)) =
mindj | Hj—a(K(z; M)) # 0}

Proof. Part : Suppose y € (z) is a non-zero divisor on M. Then the following
sequence is exact:

0— ML M— M/yM — 0.
We tensor this with K (z; R) to obtain the exact sequence

0— K(z; M) L K(x; M) — K(x; M/yM) — 0.
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This yields the following long exact sequence:
s Hy (K (s M) = Hy(K (25 M) — Hj (K (25 M/yM)) = Hj (K (23 M) = --.

Since y € (z), by Proposition we have (z) H;(K(z; M)) =0. Thusy =0 as a
map. Then we have the exact sequence

0 — H;(K(z; M)) — H; (K (z; M/yM)) — Hj 11 (K (z; M)) — 0.

We proceed by induction on ¢, the length of the weakly M-regular sequence.
Base case: t = 0. We have the empty sequence and show H;_q(K(z; M)) = 0.
For 57 < 0, we have the sequence

0K 15K 4 5. s KPS KO0

Since j < 0, we have j —d < —d. Thus K7=%(z; M) = 0. Hence we conclude that
Hj_q(K(z; M)) = 0.

Inductive step. Suppose that y1,--- ,y:—1 € (2) is a weakly M-regular sequence.
Then H;_q(K(z;M)) = 0 for j < t—1. Let y1,- -,y € () be a weakly M-
regular sequence. Then yo,- -+ ,y; € (z) is a weakly M /y; M-regular sequence. The
inductive hypothesis applied to M/y; M implies that H;_ (K (z; M/y1M)) = 0 for
j < t—1. Consider the exact sequence

0— Hj 1 g(K(z;M)) = H;j 1 _a(K(z; M/y1 M)) — Hj_q(K(z; M)) — 0.

Since the middle term is zero, we have that H,_q4(K (z; M)) = 0.

Part (fi): Set t = depth (K (z; M)) and note that since (z)M # M, we have that
(z) is an M-regular sequence. By part (f]), it suffices to show H,_4(K (z; M)) # 0.
We proceed by induction.

Base case: assume that ¢ = 0. This implies that depthy (K (z, M)) = 0. Thus
the maximal M-regular sequence is the empty sequence. This implies that there are
only zero divisors in (z). Hence (z) C p for some associated prime p of M. We have
depthp (K (z; M)) = 0 if and only if (z) is contained in Upcass,(ar)p- By the prime
avoidance theorem, there exists a p € Assgp(M) such that (z) C p. By definition
there exists a non-zero element m € M such that (0 : m) = p. In particular,

m(z) = 0.
From the exact sequence
:i:acd
+xg_1
:l:iL’l

0— M1 M- s M M =0
we have m € Ker 0™, = H_;(K (x; M)). This implies that

+may
+tmag_1
m . =0
+max,
Thus mz; =0fori=1,---,d. Since m(z) = 0, we have (0 :ps ) = H_4(K(z; M)).
Therefore we have a non-zero element m € H_4(K(z; M)). This implies that
H_y(K (1 M)) # 0.
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Inductive step. Assume that ¢ > 1 and that we have depthyp(K(z; M)) =
man{j | H;_q(K(z; M)) # 0} for all depthy(K(z; M)) < t. Let y1,---,y; be an
M-regular sequence in (z). Note that depth (K (x; M/y; M)) =t — 1 and consider
the exact sequence

0—>Hio1_g(K(z; M) = Hy—1—q(K(z; M/y1 M)) — Hy_q(K(x; M)).

Part implies that the first term is zero. Since the second term is non-zero, we
have that the last term of the sequence is non-zero. (Il

Remark 9.2. Ext is depth sensitive. In the case where IM # M and M is
finitely generated, the module Ext%epth(I’M) (R/I, M) is non-zero while the modules
Ext%(R/I, M), Exth(R/I,M),..., Ext®&PP M= R/1 M) are all zero.

When z = 21, -, 24, the homologies Hy(K (z; M)) and Hy_1 (K (z; M)) are
both zero. The first non-zero homology is Hy_depth , (& (a;n)) (K (25 M)). For ex-
ample, if for all ¢ > 0, we have H;(K (z; M)) = 0, then d — depthz(K(z; M)) =0
implying that d = depthy(K(z; M)). Thus z is M-regular. Hence we conclude
that H; (K (z; M)) = 0 for all 4 > 0 if and only if  is M-regular in the case that M
is finitely generated and (z)M # M.

10. DAy 10

Today we get the motivational speech. We will discuss two nice properties. Al-
though not all of the following requires R to be local, we will impose that condition
nonetheless to simplify things.

Assume (R, m, k) is local and m = (z)R where z = 1, - ,z, is a minimal
generating sequence for m.

Q: What is so great about Koszul complexes?

A: The Koszul complex is a tool for proving theorems. If we were to be glib, we
could call it ‘applied’ math.

Property 10.1. (a) If X is an R-complex such that H;(X) is finitely generated
for all ¢ and H;(X) = 0 for all i < 0, then X is exact if and only if K @ X is
exact. This is a version of “K is faithfully flat”.

(b) If f: X — Y is a chain map over R such that H;(X) and H;(Y) are finitely
generated for all ¢ and H;(X) = 0 = H;(Y) for all ¢ < 0, then f is a quasiiso-
morphism if and only if K ®p f is a quasiisomorphism. Here we apply part @
to Cone(f).

The slogan for the next property is that ‘K is ringy enough to do stuff with’.
The next property concerns DG algebras; see Definition [11.

Property 10.2. K is a DG-algebra over R as well as commutative, local, bounded,
and free over R. In practice, this means that K is a good substitute for R/(z) when
x is not R-regular.

The next example shows how useful these two properties are. Some details of
the example are glossed over because of the complexity involved- this should not
detract from the gist of the example, which is, Koszul complexes are extremely
useful.

Example 10.3. How to prove that R has a finite number of semi-dualizing modules
(up to isomorphism classes)?
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Case 1. If R is Cohen-Macaulay, let y = y1,- -+ ,yq € m be a maximal R-regular
sequence. Let R — R/(y) = R. Then pdgp(R) = d < oo and R is artinian.
Thus Go(R) — &¢(R) where Gg(R) denotes the set of isomorphism classes of
semidualizing R-modules. Therefore it suffices to show that |Go(R)| < oo.

If R contains a field, then using representation theory and work we can show
that |Sg(R)| < oco. The work required in representation theory depends crucially
on the fact that R if of finite length and contains a field.

Case 2. the general case. We use K in place of R.

Step 1. K is a DG-algebra (in the sense that it is a ring that contains a field) over
R. The D stands for differential and the G stands for graded. Define multiplication
on K by

K;®p K; 25 Kiyj

(€sy Ao Neg) @ (e, Ao Ney,) sy Ao Neg, Negy A= Ney,.

Recall that e; Ae; = 0 and e; Aej = —e; Ae;. Therefore any repetitions cancel and
we can permute the elements at will into ascending order with a —1 raised to the
number of permutations performed.

This is graded commutative, that is, z;z; = (—1)“z;z;. This is associative, and
as distributive as it can be in the sense that we cannot add arbitrary elements. We
cannot add elements of different degrees, but we do have the following a;(b; +¢;) =
a;b; + a;c;. This also adheres to the Leibniz rule, that is

8(3;13:3) = 8(93L)a:] + (—1)%,8(3:])
Step 2. There exists a DG-algebra homomorphism ¢ : R — K defined as follows

0 R 0
P
0 K. K, Ky 0.

This map respects addition, multiplication, and differentials. The map may not be
reversed to go up because that map does not respect differentials.

Step 3. K is finitely generated and free over R. Therefore K is flat. In fact, by
Property it is in a sense faithfully flat.

Step 4. If M is an R-module, then K ® g M is a DG-module over K. The scalar
multiplication is defined as follows:

Ki ®r (K @r M)j — (K ©r M)iy;
z; @ (x; @m) — (xiz;) ® m.
This is associative, distributive, and satisfies a version of the Leibniz rule.
Step 5. If M is an R-complex, then K ® g M is a DG-module over K.
Step 6. If C is a semidualizing R-module, then K ®p C' is a semidualizing
DG-module over K.
Step 7. Step 6 implies that we need Ext. That is, we need Homp(—,—) and

resolutions. This is not quite enough, as what we really need is RHompg(—, —), but
because this goes into much depth we will waive our hands a bit at this point. If

for R we have Exth(C,C) =0 for all i # 0 and R — Homp(C,C), then for K we
have K =» Homp (P, P) where P is a semi-projective resolution of K @ C. All
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we really need for R is to show that R —» Homp (P, P) where P is a projective
resolution of C.

Step 8. We have Gy(R) — G((K) from the faithfully flat conditions. We
want to show that &o(K) is finite. The homologies H;(K) are finite dimensional
vector spaces over k. Thus we have K ~ F' as a DG-algebra where F' is a finite
dimensional vector space over k (that is, a finite length ring containing a field) and
F is a DG-algebra. Since a quasiisomorphism of DG-algebras is just as good as an
isomorphism, we have Gy (K) = Sy (F).

Next we reprove the representation theory results from Case 1 for the DG setting.
This is nontrivial.

Disadvantage of Koszul complexes: It is very technical stuff.
Advantage of Koszul complexes: It allows us to prove theorems that others
cannot.

11. Day 11

Today we introduce DG algebras. First we provide some background information
and review.

Basic Constructions.

Remark 11.1. (i) All rings are assumed to be commutative.
(ii) Let R be a ring. A complex of R-modules is a sequence

F
n+1

?) aF
F=...-F4,w—F, —F,_;—- -

such that 9F 0 9%, =0 for all n € Z.

(iii) The underlying R-module {F},},cz is denoted F¥. Existing literature may
sometimes use F?. The meaning behind this is that we are removing the
differentials, hence viewing F' in the so called ‘nude’.

(iv) We write |z| to denote the degree of an element x. That is, if |z] = n then
rz e F,.

Remark 11.2. Let E, F, and G be complexes of R-modules. Recall:

(i) A degree d homomorphism § : F — G is the collection of R-linear maps
{Bn : Fu = Gpnida}nez. All degree d homomorphisms from F' to G form an
R-module Hompg(F,G)4. This is the degree d component of Hompg(F, G) in
which the boundary on 3 is defined by

d(B)=0%0p—(~1)'Bod"
where |5] = d.

(ii) The tensor product E®pg F consists of (E Qg F)n = ®itj=nLi ®r F; and the
maps 8‘5&?)5(6 ® f) =08 (e)® [+ (=D)le @[, (f).

DG Algebras, DG modules, and DG homomorphisms. We will work over

a commutative local ring (R, m).

Definition 11.3. A DG algebra is an R-complex (A,04) with 1 € Ay (unit) and
a morphism of complexes called the product

ptiAep A= A
a®b— ab
with the following properties:
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(i) unitary: la = a = al for all a € A; and
(ii) asociative: (ab)c = a(bc) for all a,b,c € A.

In addition, we assume that A is commutative if the following hold:
(iii) ab = (—1)l*lPlpg for all a,b € A and a® = 0 when |a| is odd; and
(iv) A; =0 for all ¢ < 0.

Note that the distributive laws are automatic. When parts (iii) and (iv) are not
satisfied, we speak of “associative DG algebras”.

Fact 11.4. For all a € A; and b € A; we have the equality
(11.4.1) 02 (ab) = 0 (a)b + (—1)"ad; (b)

called the Leibniz rule. We verify that this is a chain map using the following
commutative diagram:

(A®p A)iyj — Aigj

AQRA A
8i+jR l iai+j

(A®Rr A)itj—1 i Aij1.

The computations are as follows:

851;’ (ab) = aﬁj(ﬂiﬂ (a®b))
= /~Li+j—1(5ﬁ§RA(a ®b))
= fitj-1(0{(a) @b+ (-1)'a® 534(5))

=0 (a)b+ (—1)'ad} (b).

Example 11.5. (i) We regard R as a DG algebra concentrated in degree 0.
(ii) The Koszul complex K = K(ay,- - ,a,) where ay,- -+ ,a, € m can be realized
as an exterior algebra and the wedge product endows it with a DG algebra
structure which is commutative with multiplication defined as follows

n:KepK— K
a®b— aAnb.

0, if i=y
Recall that for the wedge product we have e; Ae; = ¢ e; Ae; if i<y
—ejNe; if P>
implying that a A b = (—1)lell’lp A q.
It remains to verify the Leibnez rule. Let a € K; and b € K;. We show
that

955 (ab) = 0 (a)b + (—1)'adf (b).
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Suppose that a = e, A+~ Aey, and b=eyp A--- Aey, are strictly ascending.
We have the following computations:

LHS = 8ﬁj((et1 AR /\eti) A <€f1 AREN /\efj))

7
= Z(—l)”lxtletl Ao Ney N---Ney, Nepy N--- Ney,
I=1

J
+Z(—1)l+i+1xﬁetl N---Negy Nep N---Nep N--- Ney,
=1

i
RHS = (Z(_I)H_lxtleh Noee /\é\tz AR /\eti) A (€f1 AN /\efj)
=1

J
(=D e, A Ae) AN (D) apen, Ao N A Aeg).
=1

We see that the left hand side is equal to the right hand side. If changes to
the order need to be made, the same changes will be made on both sides.

Definition 11.6. A morphism of DG algebras is a morphism of complexes
p: A= A

such that

(i) ¢(1) = 1; and
(ii) @(ab) = ¢(a)¢(b) for all a,b € A.

If this is the case, we say that A’ is a DG-algebra over A.

Example 11.7. Let A be a DG algebra. Then the map f: R — A is a morphism
from R to the DG algebra A. The morphism of complexes is as described below

0 0 R 0
N
Ay A, Ao 0
with f(lR) =14.
12. DAy 12

Proposition 12.1. If A and A’ are DG R-algebras, then the tenor product of
complezes A®r A’ is a DG R-algebra with the map

pAerA (AR A) g (A®r A') — A@p A’
(a®d)® (b V) — (=1)1“Pab @ a'b.

Proof. The unit of A ®r A’ is 1 ® 1 where the degree of 1 is zero. To show that
A ®pr A’ satisfies associativity, let a,b,c € A and o’,b’,¢/ € A’. Then we have the
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following computations to show that ((a®a’)(b®b'))(c®c’) = (a®a’)((bRY')(c®(’)):
((a® a’)(b ® b/))(c ® c’) = (_1)|a'\|b\ (ab® a/b/)(c ® c/)
= (=))W =)l ab)e © (a't)e!
= (=1)l Il llel 41Vl gpe @ /b ¢!
(a®d)(beb)(cad)) = (_1)|b’||0\(a ®a)(be® V')
_ (71)|b’||c\ (71)|a’|(\b|+\c|)abC Qadbd

(=) e B el e @ o8

Next we show that A ®p A’ satisfies the Leibniz rule. This is equivalent to showing
that p is a chain map. Let a @ a’,6 @ V' € A ®r A’. We have the following
computations:

9425 (a2 d)(b@ V)

— aA@RA/((_l)Ia/HHab ® a/b/)

= (_1)“1/'“7'814@1%14/ (ab® a’b/)

— (,1)\a'|\b| (aA(ab) ® a'b + (71)|a|+|b|ab ® aA’(a/b/))

= (—1)lle (aA(a)b ® a't! + (—1)ladA(b) @ a'b’

+ (_1)\a\+|b|ab ® aA/(al)bl + (_1>\a\+|b\+\al|ab ® a/aA'(bl))

where the first step follows from multiplication of tensors. Because the elements a’
and b switch order we must multiply by (—1)!%'IIl. 'We pull this term out of the
differential in the second step. In the third step we apply the differential to the
tensor product; see Remark for the map. For the fourth step, we apply the

Leibniz rule using the fact that A and A’ are DG algebras. We now compute the
right hand side of equation eql1.4.1|to complete the proof:

¥ (@@ d) (b @ V) + (-1 (@ )0 (b o )
- <8A(a) ®ad + (-1)a© oY (a')) bab)
+ (=)l (g @ o) (aA(b) @b + (-1 e oY (b’))
= (=197 @b @ 't + (~1) 1" @O Mah & 04 (o't
+ (=1)lal+la'I+1a'10* ) 494 (5) ® o'/
+ (=1)lal+la I+l lBI+bl gy & o/ 94 (B).

The first step follows from applying the differential; see Remark for the map,
and the second step follows from multiplication of tensors. Note that |84 (a’)| =
la’| — 1 and |04(b)| = |b] — 1. By comparing the left and right hand side, we see
that they are equal. Therefore A ®g A" is a DG algebra. d

Remark 12.2. We do have to question the well-definedness of the tensor prod-
uct. The proof is short but not obvious. The following isomorphism is from the
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commutativity of tensor product
(A; @r A}) ®r (Ap ®r A}) = (A; Or Ap) Or (A} @R Ap).

The definition of the tensor product is a combination of the above isomorphism
with the next two maps

(Ai ®r Ap) @R (A; @R A) = Aiyp Or Aj g = (ABR A)itjiptg-
We need to check that the sign changes of these are the same as in the product.

Remark 12.3. There exists a commutative diagram of DG algebra homomor-
phisms (base change)

R A a
A — = Agr A’ a®1

adrH—1®ad.
This diagram shows that the algebra structure of the tensor product is very nice

because of the commutativity of the tensor product. We have r(1® 1) =r1®1 =
1®rl for any r € R.

Definition 12.4. A DG module M over a DG algebra A (otherwise written as
a DG A-module) is an R-complex with a morphism A ® gz M — M, defined by
a ® m — am, that satisfies the following

(i) Leibniz rule: 8} ;(am) = 0{*(a)m + (—1)"adM (m);

(ii) unitary: there exists 1 € M such that am = m = ml for all m € M; and

(iii) associative: for all a,b,c € M we have a(bc) = (ab)c.

Example 12.5. An R-module is a DG R-module. A DG R-module is an R-
complex. Apply the Leibniz rule to an element of R and we always get zero since
R is in degree zero.

Remark 12.6. Let f : M — N be a homomorphism of R-complexes. Then we
have f € Homg(M, N); and f is of degree i. We write |f| = i.

Definition 12.7. An A-homomorphism of DG modules is a homomorphism of
R-complexes f : M — N such that f(am) = (—1)//llelg f(m), that is, f is A-linear.

Remark 12.8. The homomorphism set of two DG A-algebras, Hom 4 (M, N), is
a DG A-module. We leave the proof of this as an exercise for the reader. The
A-module structure is defined for ¢ € Homa(M,N) and a € A by (ap)(m) =
(=1)l?llelp(am) = ag(m). Note that Homa (M, N) € Hompg(M, N).

13. Day 13

Definition 13.1. Let A be a DG R-algebra and let M and N be DG A-modules.
We define M @4 N := (M ®r N)/L where L is generated by all elements of the
form (am) ® n — (=1)1%™Im @ (an) where a € A, m € M, and n € N. We check
two things — that M ®4 N respects the differential and that M ®4 N is a DG
A-module.
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For the differentials, we have the chain complex

M® N

0.
—>(M®AN)Z'1—>(M®AN)Z*_1—>---.

Let (am) @ n — (=1)lllmlm @ (an) € (M @4 N);. We show that the differential
maps this element into (M ®4 N);—1. We have the following computations

OM@aN (am) @ n — (=1)I™m @ (an))
= 9MOAN (g @ ) — (_1)\allm\aM®AN(m ® an)
= 0M(am) @ n+ (=1)1*F1™lam @ 9N (n)
— (=)l (@M (m) @ an + (~1)/™m @ OV (an))
=94 (a)m @ n+ (~1)lad™ (m) @ n
+ (=Dl gm @ oV (n) — (=1)leI™9M (1) @ an
— (=1)lallmHml () @ 94 (a)n + (—1)*'m @ adN (n))
_ (6A(a)m ®n — (=1)lellmltimly, ¢ 8A(a)n)
+ (=D (@d™ (m) @ n — (—1)lallmI=1919M (1) @ an))
+ (1) (am @ 0N () = (=1)"Im © ad™ (n)))

where the third and fourth computations follow from the Leibniz rule since M and N
are both DG A-modules. The first and second steps are by definition. Note that for
the signs we have the equalities |a||m|+|m| = |a||m|—|m| = (Ja|-1)|m| = |04 (a)||m|
and in a similar manner |a||m| — |a| = |a||0™ (m)].

Next we check that M ®4 N is a DG A-module. It suffices to show that M ® 4 V
satisfies the Leibniz rule as the other two conditions are straightforward. Let a € A;,
m € M;, and n € Ni. We show the equality

oMEaN (a(m @n)) = 0 (a)(m @ n) + (—1)'ad}{ 24N (m @ n).

The third step in the following computations follows from the fact that M is a DG
A-algebra:

LHS = 9} 24" ((am) @ n)
=0 (am) ® n+ (-1)"am @ o} (n)
= 0 (a)m @ n+ (=1)'ad}" (m) ® n + (=1)am @ 3 (n)

RHS = 02 (a)(m @ n) + (—1)* aaﬁ%AN(m ®@mn)

=0 (a)ym @ n+ (—1)'a(0} (m) ® n + (—1)7m & 9y (n))
=0 Ma)m @ n + (—1)iaaj\4(m) @n+ (—=1)*am @ oY (n).

Therefore M ® 4 N is a DG A-algebra.

Next we tackle base change.

Proposition 13.2. Let A — B be a morphism of DG R-algebras. Let M be a
DG A-module. Then B ®4 M has the structure of a DG B-module by the action
b @ m) = (bb') @ m.

Proof. For well-definedness we need to show that if b3, (b @ m;) = b . (b” ®m})
then we have -, (bb;) @ m; = >_,(bb) @ m/;. This is shown in Lemma

SN
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We next check the Leibniz rule. We show the equality

0754 bV @m)) = 8F () (V' @ m) + (=1)'bd75 M (V' @ m)

where b is in degree 7, b’ is in degree 7, and m is in degree k. We have the following
computations:

LHS = 97542 (b(t' @ m))
=05, (b) @ m+ (—1)"7bb’ ® 9" (m)

RHS = 07 (b)b' @ m + (=1)'b(87 (b') @ m + (—1)70 @ 03" (m))
= 0P (L)' @ m+ (=1)'b0P (V) @ m + (—1)" b @ 9 (m).

The left and right hand side are equal since the Leibniz rule with respect to B
(since B is a DG R-module) implies the equality 8% ;(bb') @ m = 0P (b)b' @ m +
(=1)"ba7 (b') @ m. O
Corollary 13.3. If M is an R-complex then K(a) ®r M is a DG K(a)-module.

Proposition 13.4. If M and N are DG A-modules with A — B and f: M — N
is @ homomorphism of DG A-modules, then the induced map

BRsaf:BaM—>B®a N
is a DG B-morphism.

Proof. The well-definedness of this map is treated in Fact [I4.2]

We show the equality (B®4 f)(a(b®@m)) = (—1)IP®alllelg(B® 4 f)(b&m) where
a,b € B and m € M. Note that degree wise we have |B ®4 f| = |f]| since |B| =1
as the identity map. We have the following computations:

LHS = (B®a f)(ab®m)
(—1)llal+I1¥ (b @ f(m))

RHS = (—)VIPl((—1)Vela(b @ f(m)))
(_1)\f|\a\+|f||b\(ab®f(m)).

O

Corollary 13.5. If M and N are R-complexes, and f : M — N is a chain map,
then the induced map

K(a)®r f: K(a) 9r M — K(a) ®r N
is a DG K (a)-homomorphism.

14. Day 14

Fact 14.1. Let A be a DG R-algebra and let M and N be DG A-modules. Using
M ®4 N as defined in Deﬁnition we check that the action a(m®n) := am®n
is well-defined. Note that we always have the equality am @ n = (—1)1*"mlm @ an.

Suppose that > m; ® n; = Y. m}; ® n} for some m; @ n;,m, @n, € M @4 N.
Consider the multiplication map p® : M — M defined by m — am of deg u® = |a
and the identity map Idy : N — N. By definition we have the equality

a(m®n) = (p* @ Idy)(mn).
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Until now all our tensors have been over A. Recall from Definition [[3] that
M ®a N=(M®pgN)/L. Since Y. m; @ n; = >, m} ®@n/ as a tensor over A, this
implies that > m; ®@n; — Y m,®n) = 0. In other words, > m; ®n; —> m;®n}; € L
where the tensor is over R. Since L is generated by elements of a particular form,
we can write S m; @gn; — S mi@pn, =S a;ml @rn} — (=)l ! @ anl
for some a; € A and m @ n/ € M @ N.

This implies that we have the following equalities in L

(u* @ Idy) (3 mi @nns = S mi @nni) = 30" @ Idw) (e @ nf)
= (=l @ Idy) (m] @ ain))
— Z(/ﬂ(aimf) Qn
— (=)l (ml) @ ainf)
= Z((_l)laillualama(m;/) ®n
— (=)l (ml) @ ainf)
= Z(_l)laillual (aip®(m!) @ nl!
_ (_1)\ai\|u“(m§’)|ua(m;/) ® amg/)
=0.

This implies that (u* @ Idy) (> m; @ n;) = (p® @ Idn) (3. m} ® nf) and hence we
conclude that ¢ > m; @ n; = a . m} @ nl.

Fact 14.2. Let f: M — M’ and g : N — N’ be DG A-homomorphisms of DG
A-modules of degrees ¢ and s respectively. Then f®g: M@ N — M’ ®4 N’ given
by (f @ g)(m@n) = (=1)I"9l f(m) @ g(n) is a well-defined DG A-homomorphism.

Applying Definition [13.1] we have M ®4 N = (M ®g N)/L and M’ 4 N' =
(M'®rN")/L'. First we prove that f®g is well-defined. Suppose that " m;®n; =
> pi®g; for some m; @n;, p;iRq; € M ®4 N. Then we have > m;®@n; —> . p;®q; =
S (aim! @ nl! — (—1)lellmdlm? @ an!’) for some a; € A and m! @ nl/ € M @ N.
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This implies we have the following equalities in L'

(f®g)(zmi ®n; — sz' ® q;)
_ (f ® g) (Z aim/il ® n;/ . (_1)\ai\\m;/|m/i/ ® ain;/)
_ Z f ® g)( a_m{/ ® n’/) _ (71)|ai||m2"(f ®g)(m;/ ® aing/))
- Z Dlollasl+Hallmd] £(q,m!) @ g(nl')
= (=)l AT £ (m) © g(ain))
- Z lellailtlgllmi1+laillflg, £(m!) @ g(n!)
— (=D)lallmd I+ lglimi I +laillgl £y ") @ aig(nl)))
= Z \gHalngllmz [+la:]| ] (aif(ml)) @ g(n)
— (D)lellmd I=laillf ] £ () @ a;g(n )
— Z \gHaz\+|gllm”\+|a1|\f|(a f(m!) @ g(nl)
-1 )Iail\mi |+\ain|f( " @ azg(nl )
— Z \gHm\+|9|Imm\+|a1||f|(a Fm?)y @ g(n)
— (=)D f(ml)) @ aig(nf)).
Thus we conclude that (f®¢)>_m; ®@n;) = (f®9)(O.pi ® ¢;) and hence f ® g is
well-defined.

Next we prove that f® g is an A-homomorphism. We show (f®g)(a(mem’)) =
(—n)l/@dllalg(f @ g)(m @ m'). For the left hand side of the equality we have the
following equalities:

(f ®g)(am @ m') = (=1)11| f(am) © g(m)
= (_1)|g|(|a|+|m\)f(am) ® g(m')
- (fl)|g|(|a|+|m\)+|f||alaf(m) ® g(m').

The last equality follows from the fact that f is a DG A-homomorphism. For the
right hand side we have the following;:

(_1)\f®glla\a(f ®g)(mem') = (_1)(|f|+\g\)\a\a(_1)\g\\mlf(m) ® g(m')
= (—1)Mllal+lgllal+lgllml g £ (m) @ g(m/).
We conclude that f ® g is an A-homomorphism.

Now we return to the previous result of base change from Proposition to
show that the action described is well defined.

Lemma 14.3. Let A — B be a morphism of DG R-algebras. Let M be a DG A-
module. Then the DG B-module B® 4 M defined by the action b(b' @m) = (bb')@m
is well-defined.

Proof. Consider the DG A-homomorphisms Idy; : M — M and p® : B — B of
degrees 0 and |b| respectively where u” is defined by the map b +— bb’ for all b’ € B.
Fact implies that the map pb® ® Idy; : B&a M — B®4 M is a DG A-module
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homomorphism. We have the equality

(pb @ Idp) (Y @ m) = (bb') @ m
so in fact b(b' ® m) = (u® @ Idy) (Y ® m) which implies that the action is well-
defined. O

Proposition 14.4. If M and N are DG A-modules and f : M — N is a DG
A-homomorphism and also A — B is a homomorphism between DG algebras, then
the induced map

B®AfZB®AM—>B®AN

is a DG B-homomorphism.

Proof. Proposition implies that B®4 M and B ®4 N are DG B-modules so
we only need to check (B ®4 f)(a(b®@m)) = (—1)1Bfllelg(B 4 f)(b® m) for all
a,b € B and m € M. We have the following computations
(B®a f)(ab®@m) = (—1)‘f|(‘“‘+|b‘)ab ® f(m)
= (=) llalg(—1)F 1Py & f(m)
= ()P lela(B @04 f)(b 2 m)
where the first step follows from Fact [I4:2] and the second step follows from Propo-

sition The third step follows from the fact that |f| = |B® f].
O

The next definition is equivalent to to one given in [I, pages 29-30].

Definition 14.5. Let R be a commutative ring with identity. An R-algebra is an
abelian group S which admits mapping S x S — S defined by (a,b) — ab and a
mapping R x S — S defined by (r,a) — ra that satisfy the following conditions:

(1) a(b+¢) =ab+ ac and (a+ b)c = ac + be for all a,b,c € S.

(2) r(a+b)=ra+rbforallr € Rand a,b € S.
(3) r(ab) = (ra)b = a(rd) for all r € R and a,b € S.
(4) (rs)a=r(sa) forallr,s € Rand a € S.

(5) la=aforallaesS.

Remark 14.6. Note that Ay is an R-algebra. The natural map Ayp — A is a
morphism of DG algebras as described below:

0 Ao 0

O\L Idi
a4 ot o

2o Ay ——> Ag ——=0.

The condition A_; = 0 implies that Ker(94') = Ag. Hence Ay surjects onto Hy(A)
and Hy(A) is an Ag-algebra.

Furthermore, the R-module A; is an Ag-module and H;(A) is an Hy(A)-module
for each i by the following action: let a 4+ Im(d{') € Ho(A) = Ay/Im(d{') and
b+Im(94 ) € H;(4) = Ker(8')/Im(d;% ;). Then we define

(a+ Im(af‘))(b + Im(aﬂ_l)) =ab+ Im(aﬁ_l).
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This is well-defined since ab € Ker(9:') as shown below. The first equality of the
following sequence follows from the Leibniz rule:

92 (ab) = 9g (a)b + (1)1 ad? (b) = adf (b) = 0.

The second equality follows from the fact that a € Ker(93') and |a| = 0, and the
third equality follows from the fact that b € Ker(9;}).

Definition 14.7. Let A be a DG algebra. We say A is noetherian if Ho(A) is
noetherian and H;(A) is finitely generated as an Hy(A)-module for all ¢ > 0. We
say that Ho(A) is a local R-algebra if Hy(A) is a local ring whose maximal ideal
contains the ideal mHy(A). We say A is local if it is noetherian and the ring Ho(A)
is a local R-algebra.

Proposition 14.8. Let A be a local DG algebra. The composition

where k = Ag/mg for some mg C Ag has kernel of the form

3" o
mA:~--—>A1 —>m0—>0.

Since Hy(A) is a local R-algebra, we have mAg C my.
Proof. From the composition map A — Hy(A) — k, we have the following diagram:

of

Ay Ao 0

L

|

0 Ao/mo

0.

Since Im(9{') C Ay, there exists mg € max(Ag) such that Tm(d;') C mg. Set
k = Ag/mg. The map Ag/Im(97') — Ag/mg defined by a + Im(9}) — a + m for
any a € Ag is well-defined. It is clear that

o ot
KGT(A—>H0(A) —>]i}) = —2>A1 —1>m0 — 0.
Since Hp(A) is a local R-algebra, mHg(A4) = m(Ag/Im(7")) C mg/Im(d7).
Because Im(9{') C mg, we have that mAg C mo. |

Definition 14.9. Given a local DG R-algebra A, the sub-complex m4 is called the
augmentation ideal of A.
15. DAY 15

Proposition 15.1. Let A — B be a DG homomorphism of DG R-algebras and let
M and N be DG A-modules. Then the map

B ®4 Homu (M, N) S Homp(B®4 M,B®4 N)
defined by £(b® f)(¥ @m) = (—1)'IF1by @ f(m) is a DG homomorphism.
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Proof. We need to show the map is well-defined, £ is a DG homomorphism, and &
is a chain homomorphism.

First we check well-definedness. Let > b, ® f; = > ¢;®g; in B&4 Homa (M, N).
Then we have S0, ® f; — S ¢; ® g; = > (aid; ® hy — (—1)1%1l4ild; @ a;h;) for some
a; € Aand d; ® h; € B®4 Homs (M, N) by Definition m Then we have the
following computations:

5(2 (aidi @ hi — (=1)l*14ld; @ aihi)) (' @m')
= (&laidi @ hy)(V @ m') — (=1)!*1¥l¢(d; @ a;hy) (b @ m'))
= ST (=)W gyl @ by (') — (—D)leslld eV gy @ (a,h) (m'))
- Z DRI (ay(dib) @ hi(m') — (=)ol g0 @ a;h;(m"))

Therefore we conclude that £(3°0; ® f;) = £(3° ¢; ® g;) and the map is well-defined.
Although we do not show that the map is independent of ¥’ ® m’, this follows from
last time.

Next we show that ¢ is a DG homomorphism. The proof to show that £ is an DG
A-homomorphism is similar to the proof to show that £ is a DG B-homomorphism.
We show that £ is a DG A-homomorphism and leave the other case to the reader.

We show that &(a(b @ f)) = (=1)¢l9lag(b @ f). Since degé = 0, we have
(—1)léllel = 1. We have the following computations

{la(db® £V @m') =&(ab )Y @m')

= (=) ¥lgpt’ @ f(m))
=a(— 1)|f|lb’\bb/®f( 0
b @m))

= (a€(b® f))(¥ ®m)

= (~Dllagb e £ ©m).

a

Therefore £ is a DG A-homomorphism. Note that to be a DG B-homomorphism is
stronger than to be a DG A-homomorphism.

Next we show that ¢ is a chain homomorphism. Let A% : A — Homa (M, M)
be defined by AY (a)(m) = am. We show that this is a homomorphism of DG A-
modules. Keep in mind that [\ | = 0 and a,b € A are of different degrees. We have
M (ab)(m) = abm = aA¥(b)(m) and we do not need parenthesis in the middle step
because of the associative property. We have the following commutative diagram:

(B ®4 Homu (M, N)); —=

(Homp(B ®4 M,B®4 N));
\L8‘B®AHOmA(1\4,N)

(B ©a Homa(M, N))i_1 —— (Homp (B @4 M, B @4 N));_

laHOmB(B(@AM,B@AN)
i
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It is enough to consider a generator b ® f € (B ® 4 Hom4 (M, N)),. We have the
following computations:
(G207 M 0w 1) @ m)
= 61070 @ £+ (=)@ o AN () @ m)
= (=)!MP O @ f(m) + (~1) IR @ glema D (£) (m).

For the other direction around the square we begin with

gy ome (PEAMBEAN) (e (h &) £)) (' @ m).

K3

The details are left to the reader. O

16. DAy 16
Example 16.1. Consider the Koszul complex K (x,y,z). We have the following

diagram:
03 3 o) 3 o1
0—-R—=R — R — R—0.
In degree three we have the element e; Aes Aes, in degree two we have the elements
e1 Neg, e1 Nes, and es A eg, in degree one we have the elements e;, es, and ez, and

in degree zero we have the element 1.
We have the following computation:

O3(e1 Neg Aeg) = xea Aes —yer Aeg + zep Aes.

z
This implies that 93 = | —y |. In a similar manner we find that 0, = (Jc Y z)
T
We have the following computations:
83(61 N ea A 63) = 33(61(62 AN 63))
= 81(61)62 Nes + (—1)'61|6182(€2 A\ 63)
= zey N eg — (e1(yes — zea))

=1xea Nes —yer Nes+ zep A eg

We would like to do homological algebra in this setting with Ext 4 and Tor?. If
M is a DG A-module, we can use Ext 4 and Tor? since we know that a resolution
of M is an R-complex. Our next step is to understand the resolution of a complex
in order to use Ext4 and Tor? with respect to complexes.

Remark 16.2. Let T be an R-module. Then a free resolution of T will look like
the following:

or of
where F; is a free modules for each 7. The augmented resolution is as follows:

+ o5 a7 T
Fr=... = F —F—=T-=0.
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Then the map F — T is given by

oF aF

Iy Fy 0
0 T 0.

This is a good perspective from which to define a free resolution of an R-complex.

Definition 16.3. If U is an R-complex, then a free resolution of U over R is a
quasiisomorphism G = U where G is a complex of free R-modules such that G; = 0
for all 7 < 0.

Fact 16.4. The R-complex U has a free resolution if and only if H;(U) = 0 for all
1< 0.

17. DAY (APRIL 13TH)

Definition 17.1. Let A = --- i Ay i Ay — 0 be a commutative DG R-
algebra where R is a commutative noetherian ring. Let M = --- %) M;iq %)
M; & .-+ be a DG A-module.

Then A% = ... & Asy LN Ay 2 Ap — 0 is a DG R-algebra (strip away the
differential) and Mi=...% M1 N M; 9, M;_4 9, .-+, called M natural, is a

DG A-module.

A basis for M! is a subset E C M?" (or a set of subsets E; C M; where ¢ € Z) such
that every element m; € M; has a unique decomposition as a linear combination
over A% in E. For all m; € M; there exists a unique m; = Zgggte ace such that
a. € Al

A semibasis for M is a set E C M such that F is a basis for M% over Af. We
say M is semifree over A if it is bounded below and has a semibasis.

Example 17.2. A semifree DG R-module is a bounded below complex of free
R-modules.

Example 17.3. If the semibasis for M has two elements eg; and egs in degree 0
and three elements e11, €12, and ej3 in degree 1 then we have the following:

degree e 4 3 2 1 0
A2 A2 A2 A2
M : T @ ® @ ® Al 0.
A3 A3 A7 A

The maps between the modules are homomorphisms; it is difficult to say more
unless we are working with a specific A. For example, we have

a3 72
A3 (53 52) A3
e —— P

A3 A7
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where
az: A2 — A2
B3 : A3 — A}
Yo : A3 — A2
O : Ag — A?.

Example 17.4. Let K(x) be a Koszul complex and

A=K(z)=0 K Ko 0
R R

with basis elements e € K; and 1 € K, and where 0¥ (e) = x. Let eg; and eg
in degree zero and e, €12, and ez in degree one be a semibasis for M. Then we
have the following;:

«
0 <ﬂ> Ki(y o)k
M = 0 @ S3) ® 0
K3 K} 0

with basis elements
eei1,eers, eeys € K3
eep1, €eg2 € K12
€11,€12,€13 € KS’
€01, €02 € Kg.
The fact that M must satisfy the Leibniz rule for differentials explains the second
step in the following display:
calery) + Blery) = 0 (eer;) = O (e)erj + (=1)1ed] (er;) = wer; — edlery).
The third step follows from the fact that |e| = 1 and the equality 9{7(e1;) = 6(e1;)-

Hence we have that
(Oé(elj)) _ (—5(€1j)>
Bles) zey,

implying that « = —§ and § is multiplication by x. For the Leibniz rule in degree
one we have the following:

Y(eog) = 01" (eeoz) = O (e)eos + (—1)!edy” (eos) = weo;.
We conclude that v = x, that is, the map ~ is defined by multiplication with the

element x.

Proposition 17.5. If M is a semifree DG R-module then A ®p M is a semifree
DG A-module.

Proof. Recall that (A®r M); = @pez(Ap ®r M;_,) with a DG A-module structure
such that

aj(ap @ mi—p) := (ajap) ©mi—p
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where the element a; is in degree j, the element a, ®m,_,, is in degree ¢, the element
ajap is in degree j + p, and the element m;_,, is in degree ¢ — p.

For the semibasis, let e, € E; C M,. Then 1 ®e; € Ag ®r My C (A®g M),.
Let E = {1®e,le, € By, q € Z}. Then E forms a semibasis.

Let n € (A®rM),. Then n = {np}pcz where n, € A, ®r M;_, for all p € Z. We
need to show that n, € A, ®r M;_, can be written uniquely as a linear combination
of elements of the form 1 ® e, with coefficients in A.

By assumption, M;_, is a free R-module implying that we have M;_, = R(Ai—p)
for some set A;_,. Then A, ®pr M;_, = A, @z RMi-») = (Ap)(A"'—P) where elements
of the form a, ® e;—, € A, R RWi-r) can be written as apei—p € (Ap)(Ai—P). In
particular, a, ® ¢;_, = a,(1®e;_,) € E. Therefore the elements in (4,)? ) have
a unique expression. Thus 7, has a unique expression as a finite sum of things of the
form ape;—p € (Ap)(Ai—P), that is, it has a unique expression as a linear combination
with coefficients in A. (This is because A; = 0 for all ¢ < 0 and M; =0 for i < 0
hence (A®r M); =0 for all i < 0.) O

Definition 17.6. If M is a DG A-module, a semifree resolution of M over A is
a quasiisomorphism (in the category of DG A-module homomorphisms) F = M
such that F' is a semifree DG A-module.

Fact 17.7. If M has a semifree resolution, then H;(M) = 0 for all ¢ < 0 because
F; =0 for all i < 0. The converse holds but is difficult to prove.

Lemma 17.8. Let F be a bounded below complex of flat R-modules. Then the
following hold:

(a) If X is an exact complex of R-modules, then F @ X is exact.
(b) If ¢ : Y — Z is a quasiisomorphism over R, then FQr¢: FQrY — FQpr Z
is a quastisomorphism.

Proof. We will only sketch the proof here and leave the details to the reader. For
part @, reduce to cases.

Case 1. F'is bounded. In this case, there are integers a and b such that a < b
and F; = 0 for all ¢ < a and all ¢ > b. In this case, we argue by induction on
n = b — a. For convenience, we say that F' is “concentrated in a degree-interval of
length < n”.

Base case: m = 0. In this case, F is a flat module F, concentrated in degree a,
so the desired conclusion holds by the flatness of F,.

Induction step. Assume that n > 1 and that the result holds for bounded
complexes of flat modules that concentrated in a degree-interval of length < n — 1.
By assumption, we have

of ol .
F= 0-F 2 .- 2L F =0

Consider the following complex obtained by “truncating” F:

af 354-2
F= 0—-F— - —=F;4; =0

This complex fits into a short exact sequence of chain maps
(17.8.1) 0—XYF,—-F—F —0.

Here ¥*F, is the module F, concentrated in degree a. The base case implies that
Y°F, ®p X is exact, and the induction hypothesis implies that F’ ®p X is exact.
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Use the long exact sequence associated to the sequence to conclude that
F ®pr X is exact.

Case 2. The general case. Since F' is bounded below, there is an integer ¢ such
that F; = 0 for all ¢ < ¢. We need to show that H;(F ®g X) = 0 for all 7. Let
i € Z be given. Show that there is an integer j (depending on ¢ and %) such that

the complex
. oy af |
"= 0—=F— - ——F;,—0

satisfies the following conditions: (F"” ®r X)m = (F Q@p X)m form =i —1,4,i+1
and OF '®rX = 9F®rX for m = i, i+ 1. (In other words, the complexes F” @p X
and F ®p X are the same in degrees ¢ — 1, 4, and ¢+ 1.) This explains the first step
in the next display

H;(For X)2H;(F'®r X)=0
while the second step follows from Case 1 since F” is a bounded complex of flat
R-modules.

For part , apply part @ to the mapping cone. ([l

Proposition 17.9. If A; is flat over R for alli and F = M is a semifree resolution
over R, then A®r F = A®p M is a semifree resolution over A.

Proof. We will only sketch the proof here and leave the details to the reader.
Lemma(@ implies that the quasiisomorphism is respected. By Proposition
DG R-module homomorphisms tensor up to DG A-module homomorphisms. Propo-
sition [I7.5] implies that A ® F' is semifree over A. O

Corollary 17.10. Ifz =21, ,2n, € R and F <> M is a semifree DG R-module
resolution, then K @p F — K @ M is a semifree DG K -module resolution where
K = K(z).

Proof. This follows from the fact that K; = R(Y) is flat over R. ]

18. DAY (APRIL 20TH)

Definition 18.1. Let A be a DG R-algebra and let M be a DG A-module. Let
n € Z. Then we define the shift of a DG A-module M by (X"M); = M;_,, and
the differential 9F "M = (=1)"9M, . If a; € A; and m € (Z"M), = M,_,,, then we
define the star operation to be

aixm = (—1)"a;m € (L"M)irp = Miyp n.
Lemma 18.2. Let A be a DG R-algebra and let M be a DG A-module. Then ¥ M
is a DG A-module.

Proof. We show that the Leibniz rule is satisfied and leave the other details to the
reader.
Let a; € A; and m € (X"M),. Then we have the following:

M (@ +m) = OF M (1) a;m)

(-1}, ((—=1)"aim)
(=1)" (9 (ai)ym + (=1)'a;0yL , (m))
—1)(i71)”6{4(ai)m + (=1)""a; * 8PI‘/£n(m)
-1)

198 (ag)ym 4 (1) (1) a; 00 (m).

M a;) *m+ (—=1)ta; * 61),:HM(m)

(
(
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Since in —n =in+n (mod 2) and n+in+1i =i+ n+in (mod 2), we conclude
the the Leibniz rule is satisfied. (]

Definition 18.3. Let A be a DG R-algebra and let M and N be DG A-modules.
Let « : M — N be a morphism of DG A-modules. Then X"« : ¥"M — Y"N
is defined by (X"a),(m) := ap_n(m). Note that there is no sign change since the
degree of « is zero (implying that the sign is trivial).

The proof of the next lemma is left as an exercise for the reader.
Lemma 18.4. Y"« is a morphism, that is, it is A-linear.

Definition 18.5. Let A be a DG R-algebra and let M and N be DG A-modules.
Let a: M — N be a morphism of DG A-modules. Then we define

Ni N X
Cone(a)i = & and aiCone(a) = (86 _Oééi/ll > .
M, i—1

Fix a; € A;. Let nj € N; and let mj_; € M;_;. Then we define

wl ™). a;n;
\mj-1) T \(=D'aimj_1 )

Lemma 18.6. Let A be a DG R-algebra, let M and N be DG A-modules, and let
a: M — N be a morphism of DG A-modules. Then Cone(a) is a DG A-module.

Proof. We will check the Leibniz rule and leave the other details as an exercise for
the reader.
Fix a; € A;. Let nj € N; and mj_1 € M;_;. Then we have the following:

Cone(a) [ n; _ aCone(a) a;n;
Oy (as <mj_1>) =0y, <(—1)’az‘mj—1>
(8ﬁj(ain].]\)4+ a”jl-((_l)iaimjl))
_8i+j71((_1)zaimj—1)

_ (3{4(%)% + (=1)'a;0) (ny) + (fl)iaiaj—l(mj—1)>
(=)0 (@i)mj—1 + (—=1)'a; 0} (m; 1))

Ay (™ g gCone(@ (1
o) (Wl) Fyws, (Wl)

() e (7505

- (8?(@»7% + (—1)iai8]N(nj)( — 1)iaiaj1(mj1)) .

U (=DM a)myy — (=1)*a 0 (my1)

Sincei+1=i¢—1 (mod 2) and i+ 1+ ¢ = 2i+ 1 (mod 2), we conclude that the
Leibniz rule holds. ]

Lemma 18.7. Let A be a DG R-algebra, let M and N be DG A-modules, and let
a: M — N be a morphism over A. Then there exist morphisms of DG A-modules
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€ and T such that

€: N — Cone(a)

= (5)

7 : Cone(a) = XM

()

= m

m

and the sequence 0 — N 5 Cone(a) = ¥ M — 0 is exact.

Proof. We check that the maps € and 7 respect the A-module actions. Let a € A
and n € N. Then we have the following computations:

e(an) = (“g‘)
wor=a(3) - (22):

Let m € M. Then we have the following computations:

()

ar (Z) =axm=(-1)"am.

19. DAY (APRIL 27TH)

Let A be a DG R-algebra where R is a commutative noetherian ring. We start
by describing the module structure of the following;:

Let A = --- i Aq i Ap — 0 be a commutative DG R-algebra where R
is a commutative noetherian ring. Let n € Z, and let A be a set. Then AW =
[Tsca Aey is a semifree DG A-module with basis E = {ex|A € A}. The shift of A")
is defined to be T"AW) =T [,y Axex. If ey € (Z"AW), and a; € (A); (that
is, in degree 7), then a; x ex = (—1)""a;ex. An arbitrary element in [y, A * ey is

a finite sum. If ay € (A); for all A and all a; € A;, then a; * ( {ienjite ay * ey)

Z{the a; * (ax xey) = {ienite (a;ay) * ey, that is, the associative law holds. The
n A
differential satisfies the Leibniz rule and we have 8]2_;?( )(aA xey) = 834 (ax) xex +
) n 4(A)

(—1)]a)\*a§ A (6)\> Zaf(a)\)*e,\.
Lemma 19.1. Let n € Z, and let A be a set. Let L be a DG A-module and
X = {z\ € Ly|\ € A} C Ker(0L) C L,,. Then there exists a DG A-module
morphism (that is, a degree zero homomorphism)

p:X"AW L
where the basis elements ex — xx for all A € A and in general the map is defined
by Zf\chte ay * ey — Zf\gxte ANT -



KOSZUL COMPLEXES 51

Proof. The map ¢ is well defined since the representations are unique, that is,
E = {ex|X € A} is a semibasis and this module is semifree; the details are left as
an exercise for the reader.

We show that the necessary diagrams commute and have the necessary structure
for the elements ay *ey. The case for the general elements Z{?Xm ay *ey is similar.
To show that the diagram

7 A (M)

(2, n
(ZNA(A))jJ,-n ; (Z A(A))j+n—1

¢j+nl \L¢j+nl
L
8J'+n

Ljtn —————>Ljtn
commutes, we have the following computations:
O (dinlar xe))) = 07y, (arzy)
= 01 an)za + (—1)7a\0% (zx)
= 07 (ax)za

n A4 (A)
Gjan-1(07 7 (axxex)) = djpn-1(0; (ax) * €x)
= 3}4 (ax)xx.
Thus the diagram commutes. To show that ¢ is A-linear, we have the following
computations:
Gijn(ai* (ax*ex)) = Giyjn((aiar) = ex)
= (a;jax)zx
= a;(axzy)
= ai(ijrn(a)\ * 6,\).
Therefore ¢ is A-linear. O
The above Lemma is a primitive version of mapping a free module onto a module.
Lemma 19.2. Let o : L — M be a morphism of DG A-modules, and let n € Z.

Then we have the following:

(a) There exist morphisms 3 : £"AY) — L and v : Cone(8) — M such that the
diagram

L—2 =M

| A
Cone(f)

commutes, Hy,(7) is injective, and a; = ~y; for all i < n. That is, for each i, we
have the diagram

s
Cone(3);

where €; is an isomorphism and hence c; = v;;
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(b) If H,(«) is onto, then 8 and vy can be chosen such that H,(v) is an isomor-
phism; and

(c) If Ker(H,(a)) is finitely generated over Ho(A), then B can be chosen such that
Y is finite.

Proof. We prove parts () and together. Part follows from the proof of
part (a). Since H,(a) : H,(L) — H,(M), we have that Ker(H, (o)) € H,(L) =
Ker(9%)/Im(d%,,). Choose Y C Ker(9L) such that the set {g € H,(L)|y € Y} is
a generating set for Ker(H,(«)) over Hy(A). Then Lemma implies that there
exists a morphism of DG A-modules § : ¥"A(Y) — L defined on its basis elements
by e, — y and in general by Z;gﬁte Ay * €y — Z;’e"}ﬁte ayy. If y € Ker(H,(a)),
then we have v, (y) = H,()(y) = 0 where ay,(y) € H, (M) = Ker(02)/Im(d ;).
This implies that o, (y) € Im(},), say o, (y) = 02, (my) where m, € M, 41.

Define the map ~ : Cone(8) — M by =, : Cone(8), — M, where Cone(3), =
L, ® (Z"AM)), ;. Recall that

@ (m%ex) N <(—1)iaz'a>’fl€aA * e’\)) .

We define the map y, by

finite
l e
Tp (Zfinitep ) = ap(ly) + (=17 Z QyMy

Ay * €
yey Y Y yeY

where the element a, is in degree p —n — 1, the element e, is in degree n, and the
element m, is in degree n + 1. It is left as an exercise for the reader to check that
v is a morphism of DG A-modules.

Then we have the following commutative diagram:

LP = MP

and for 1, € L, we have v,(e,(l,)) = 'yp(<lé’)) = ap(ly).

We have the short exact sequence
0 — L — Cone(B) — £"*1AY) 0.

Part of the long exact sequence associated to the short exact sequence above is

o Hpgy (Em LAY 2t gy B g (Cone(8)) — H (571 A0) 5
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Since H, (X"t AY)) = 0, we can rewrite the sequence as

An+1 Hn, (E)

s Hypy g (ZPHLAMD) H, (L) H,,(Cone(B8)) ——0

Then A, ;1 maps onto Ker(H,(«)). Since H,(e) is onto, a diagram chase shows
that H, () is injective. Also, if H, () is onto, then a diagram chase shows that
H,, (v) is onto.

For i < n, we have

0=H,; (Z"T1AN)) H;(L) — H;(Cone(f)) — H;(E"+1AM)) =
Hi(‘”i ()
H; (M)

where the isomorphism is a consequence of the exactness of the sequence. Therefore
H;(v) = H;(«). That is, if H;(«) is an isomorphism for all i < n, then so is
Hi(7)- U

20. DAY MAY 4TH

For this section let A and B be DG R-algebras where R is a commutative local
noetherian ring.

Lemma 20.1. Let M be a DG A-module, n € Z, and X € Ker(9M). Then there
exists a morphism of DG A-modules

¢: T AKX 5 M
defined by ng;t: Ggply Z?Z?{e azx where e, denotes the basis elements. Further-

more, H,(¢) : Hy,(X"AX)) — H, (M) and Im(H,(¢)) is a submodule of H, (M)
generated over Ho(A) by X C H,,(M).

Proof. This follows from the equalities

finite finite finite
B3 ter) = 3 e = > o7
reX reX zeX

Proposition 20.2. Let M be a DG A-module. Then we have the following:
(a) There exists a morphism of DG A-modules
o H YA M
nez

such that H,(«) is onto for all m;
(b) If Hy (M) = 0 for all m < u, then a can be chosen such that X,, = 0 for all
m < u; and
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(¢) IfH,,(M) is finitely generated over Ho(A) for all m, then a can be chosen such
that X,, is finite for all m.

Proof. We have a = ],z ¢n : [,z YA 5 M where X,, C Ker(9) is
the generating set for H,, (M) over Ho(A). The details of this proof are left as an
exercise for the reader. O

Theorem 20.3. Let M be a DG B-module such that H;(M) = 0 for all i < u.
Then we have the following:

(a) M has a semifree resolution over A of B : F = M such that F; = 0 for all
1 < u; and

(b) If Ho(A) is noetherian and for all i and the modules H;(A) and H;(M) are
finitely generated over Ho(A), then there exists a semifree resolution F =M
such that F; = 0 for all i < u and a semibasis E C F that satisfies |[ENF;| < 0o
for all i.

Proof. We show the proof for part @ and note that part (]ED follows from a similar
argument.

Let a : ],z Y"AXn) — M such that H,,(a) is onto for all m. Proposi-
tion (]ED implies that we can write a as the following

a: H T AKR) 5 M.
neZnzu
We claim that for all n € Z there exist morphisms o™ : L(") — M and e™1) :
L1 — L™ such that:
(1) L™ is semifree for all n;
(2) H;(a™) : Hy(L™) — H;(M) is an isomorphism for all i < n;
(3) The following diagram commutes

(n—1)
L= LA

(n—1)

€ l ™

L(”);
(4) egn) is injective for all ¢ and all n; and
(5) ez(-"_l) is an isomorphism for all 7 < n.
A note about the notation here: the subscripts indicate the degree of the map or
module and the superscripts in parenthesis denote the nth step of the claim.
For all n < u, set o™ = o, set €™~V = idy, and set L = L") = Hn>u Y AR,
We proceed by induction on n. Since u is fixed, our base case is n < u. The
inductive step follows from Lemma [19.2b) with (™ = ~, L(™ = Cone(f), and

e(nfl)

=e.
We wave our arms at the finitely generated part, noetherianness is crucial here
since this implies that the kernels of the maps are finitely generated (submodules
of finitely generated modules are finitely generated).
Note egk) is an isomorphism for all i < k4 1. Let E(™ be a semibasis for L(™.

Let F = lim L™ This is a proof from Apassov. At this point he drew a box and

called it anday. The details are below.
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We have the commutative diagram

(n—2) (n—1) (n) (n+1)
€n (’n,fl) €n (n) €n (’Nr‘r]) €n
Ly Ly Ly ——
g
(15:171) agln«i»l)

M,

Therefore e%") is an isomorphism and e,(f ) is an isomorphism for all j > n, that is,

stabilization occurs. So F;,, = LS{” = L%"“) & ..., Then 3, = aﬁl”) = a;nﬂ) =

To show that F' is semifree we set G,, = Eé”) = Eﬁnﬂ) ..., Let z € F,, that
is, z € L%n). Then L%n) is semifree with semibasis E("). Therefore z is uniquely
a linear combination of elements of E(™ with coefficients in A because A; = 0 for
alli < 0and zx € L;n), the only basis vector in linear combination are in EZ(”) with
i < n. Therefore it is a unique linear combination in L.

We have F; = 0 for all ¢ < u from the construction L™ =0 for all i < w.

i
We have for all 4, the map H; () is an isomorphism because H;(3) = Hi(a%n)) is
an isomorphism.

The map 8 is DG A-linear because 3; = agk) is DG A-linear. O
We can extend these concepts to construct Ext and Tor?.
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