Fun with Bases

Math 314—006
Application Mini-Project #4

Solutions

1. Let n be any positive integer. Show that {1,cos(t),cos?(t),cos?(t),...,cos”(t)} is a linearly inde-
pendent subset of F (the vector space of all functions). Here is how you can do this: Learn about
Vandermonde determinants. (These are discussed briefly on page 288 of your text, or you can learn
about them from a variety of other sources.) Now consider a hypothetical dependence relation of the
form

c1 + cacos(t) + 3 cos?(t) + - -+ + cupq cos™ () = 0.

Pick n 4 1 values of ¢, say t = t1,ta,...,tn+1, such that cos(t1),...,cos(t,+1) are distinct numbers.
(We'll take it as obvious that such t;’s exist.) This gives n 4+ 1 equations involving the constants
C1y.-.,Cnt1. Now use what you learned about Vandermonde determinants to conclude that we must
have ¢y = co =+ =cpy1 = 0.

Solution: Suppose we have scalars c1, ¢, ..., cy41 such that
c1(1) + co cos(t) + c3cos?(t) + - - - + cpy1 cos™(t) = 0,

where 0 denotes the zero function f defined by f(¢) = 0 for all ¢.

As suggested, we pick n+ 1 values of ¢, say t = t1,ta,. .., th4+1 such that cos(t1), cos(ta),. .., cos(tnt+1)
are distinct numbers. Plugging these values of ¢t into the above equation gives us the following n + 1
equations in the variables ¢y, ca, ..., cpy1:

(1)e + cos(ty)(ca) + cos®(t1)(c3) + - - - + cos™(t1) (cnr1)
= (1)eg + cos(ta)(c2) 4 cos?(ta)(e3) + - - - + cos™(t2) (cny1)

= (1)ey 4 cos(tn)(e2) + cos®(tn)(c3) + - - - 4+ cos™(tn ) (Cng1)
= (Der + cos(tpin)(c2) + cos*(tni1)(e3) + - - + cos™ (En1) (ent1)

We can express this system of linear equations in the matrix equation Ac = 0 where

[ 1 cos(t;)  cos®(t1) -+ cos™(t1) ]
1 cos(ta) cos?(ta) -+ cos"(t2)
A= ; : .
1 cos(ty) cos?(t,) -+ cos™(t,)
| 1 cos(tng1) cos?(tng1) - cos™(tni1) |
and _ -
C1
C2
c= :
CTL
L Cn+1 ]

Using Vandermonde determinants, we have that

det(A) = H (cos(t;) — cos(t;))
1<i<j<n+1
= (cos(t2) — cos(t1)) - - (cos(tnt1) — cos(t1))(cos(t3) — cos(tz)) - - - (cos(tnt1) — cos(ta)) - -

-+ (cos(tps1) — cos(tn))



Since the numbers cos(t1), cos(t2), ..., cos(tp+1) are distinct, the number cos(t;) — cos(t;) # 0 for all
1 <i<j<n+1. Thus, det(A) # 0. We conclude that the (n+ 1) x (n+ 1) matrix A is invertible.
This means that the system Ac = 0 has the unique solution

C1
C2
C3
c= =A"'0=0
Cn
L Cnt1
Since ¢ = 0, we must have that
cp=cp=c3=-=2¢p=Cpq1 =0.

Therefore,
B = {1,cos(t), cos®(t),...,cos"(t)}

is a linearly independent subset of F.

. Let V be the subspace of F spanned by B = {1,cos(t), cos?(t), cos>(t), cos*(t),cos®(t)}. Since B is
linearly independent (as you showed in (1)), we have that B is a basis of V. Using the trigonometric
identities

cos(2t) = —1 + 2 cos?(t)

cos(3t) = —3cos(t) + 4 cos>(t)

cos(4t) = 1 — 8cos*(t) + 8cos*(t)

cos(5t) = 5cos(t) — 20 cos®(t) + 16 cos® (t)

write the B-coordinate vector for each of the functions 1, cos(t), cos(2t), cos(3t), cos(4t), cos(5t).

Solution: Using the trig identities, we express the functions 1, cos(t), cos(2t), cos(3t), cos(4t), cos(5t)
as linear combinations of the functions in B:

1 = 1(1) +0cos(t) + 0cos(t) + 0 cos®(t) + 0 cos*(t) + 0 cos® ()
cos(t) = 0(1) + 1cos(t) + 0cos?(t) + 0cos®(t) + 0cos’ () + 0cos®(t)
cos(2t) = —1(1) 4+ 0cos(t) 4+ 2cos?(t) + 0cos®(t) + 0 cos(t) + 0 cos®(t)
cos(3t) = 0(1) — 3cos(t) 4+ 0cos?(t) + 4 cos®(t) + 0 cos*(t) + 0 cos’(t)
cos(4t) = 1(1)+ 0cos(t) — 8cos?(t) + 0cos(t) + 8 cost(t) + 0 cos’(t
cos(5t) = 0(1) 4 5cos(t) 4+ 0cos®(t) — 20 cos®(t) + 0 cos® (t) + 16 cos® (t)

Thus, by definition, we have the following B-coordinate vectors:

1 0 —1
0 1 0
0 0 2
s =| | feostls= | O | feos@ls = | o |
0 0 0
| 0 ] | 0 ] | 0 ]
[ 0] [ 1] [ 0]
-3 0 )
0 -8 0
[cos(3t)]p = E [cos(4t)]p = o | [cos(5t)]p = _90
0 8 0
| 0 ] | 0 | 16 |




3. Use the calculations from the previous part to show that C' = {1, cos(t), cos(2t), cos(3t), cos(4t), cos(5t) }
is another basis of V.

Solution: Let A be the 6 x 6 matrix whose columns are the coordinate vectors we found in Task 2.
That is, let

10 -1 0 1 0]
01 0 -3 0 5
q_]00 2 0 -8 0
00 0 4 0 —-20
00 0 0 8 0
00 0 0 0 16

We see that A is already in row-echelon form. Moreover, since there is a pivot (i.e., a leading entry)
in each column of A, we know that the column vectors of A form a linearly independent set in
RS. Therefore, by Theorem 6.7, the set C' = {1, cos(t), cos(2t), cos(3t), cos(4t), cos(5t)} is a linearly
independent set of functions.

Knowing that B is a basis for V, we see that dim(V) = 6. Since the functions in C are linear
combinations of the functions in B, we know that the functions in C' are also in V. Therefore, since
C has 6 = dim(V) linearly independent functions in V', C' must also be a basis for V' by Theorem
6.10 (c).

4. Use the calculations from (2) to find the change of basis matrix Pp. ¢ and then use a calculator to
find Po_pg.

Solution: By definition,

Pg.c = [[1]3 [cos(t)]p  [cos(2t)]p [cos(3t)]p [cos(4t)]|m [cos(5t)]B]
1 0 -1 0 1 0]
0 1 0 -3 0 b
loo 2 0 -8 0
o 0 0 0 4 0 —-20
0 0 0 0 8 0
(00 0 0 0 16|

By Theorem 6.12 (c), Po._p = (Pgc)~!. Using a CAS we find

- 1 3 -
10t o022 o0
01020 2
ool ol o
Poep=(Pp_c) ' = 2 4 2 5
0004+ 0 &
0000 % 0
00 0 0 0 & |

5. Use Po. g to calculate
/ (ao + a1 cos(t) + as cos*(t) + az cos™(t) + aq cos* () + as cos(t)) dt

where aq, . .., a5 are arbitrary constants, by first transforming the integrand into a linear combination
of the functions in C.

Solution: Let f(t) = ag + ay cos(t) + as cos?(t) + az cos®(t) + a4 cos*(t) + a5 cos®(t). Then

ao
ai
az
as
aq
as

[f )]s =




By Theorem 6.12 (a),

[fD]lc = Pe—plf(t)B
(10 3 0 2 07 7[ao]
01030 32 a1
o0 4§ 03 0 as
~|loo0oo0 3+ 0 & as
00004+ 0 ay
(00 0 0 0 & ][ a5
[ ap+ 3az + 2ay |
a1 + Sas + 2as
B Lag+ Lay
- 103 + 1505
1
e
L 1695 J
This means that
f@) = (ao + %az + :a4> (1) + <a1 + zag + 2@5) cos(t) + (;GQ + ;a4> cos(2t)

1 ) 1 1
+ | a3+ — +{= ) + | — .
<4a3 16&5) cos(3t) <8a4> cos(4t) <16a5> cos(bt)

Therefore,

1 3 3 5 . 1 1 1 .
/f(t) dt = <a0 + 502 + 8&4) (t) + <a1 + 198 + 8a5> sin(t) + <2a2 + 2a4> 5 sin(2t)

1 5 1 1 1 1 1
=+ <46L3 + 16@5) g Sln(3t) + <8CL4> Z Sln(4t) + <16a5> 5 Sln(5t) + C,

where C' is the constant of integration.



