Math 314/814: Matrix Theory Dr. S. Cooper, Fall 2008

Homework Solutions — Week of November 18
Section 6.3:

(17) The sets B = {1,z —1, (x—1)?} and C = {1, x, 2%} are both bases for Py. We need to find [p(z)]z.
Observe that

= 1(1)4+0(zx — 1)+ 0(z — 1)?
= 1(1)+1(z—1)+0(z — 1)?
22 = 1(1)+2x—1)+1(z—1)

Thus,

By Theorem 6.12,

1 1 1 1 —2
[p(z)]B = Pa—clp(z)]c = [ 01 2 ] [ 2 ] = { -8 } .
0 0 1 -5 -5

We conclude that the Taylor polynomial of p(z) about a =1 is

p(z)=—-2—-8(x—1)—5(z—1)>2

(18) The sets B = {1,z +2, (v +2)?} and C = {1, x, 2%} are both bases for Py. We need to find [p(z)]5.
Observe that

= 1(1) +0(z +2) + 0(z + 2)?

= —2(1)+ 1(z+2) +0(z + 2)
22 = 4(1) —4(x+2) + (z +2)

Thus,
1 -2 4
Psc=[[Up [zlg [}ls]=|0 1 —4
0 1
By Theorem 6.12,
1 -2 4 1 —23
[p(z)]s = Ps—clp(w)lc = | 0 1 —4 2 | = 29
0 0 1 -5 -5

We conclude that the Taylor polynomial of p(z) about a =1 is

p(z) = —23 4+ 22(x +2) — 5(x + 2)%



Section 6.4:

(2) T is not a linear transformation. For example,
11 11
o] = o]
2 2
N 0 2
11
# (o))
2 2
- 7|5 3]
_ 1 2
N 0 11"
(3) T is a linear transformation. Let A, C' € My, and « be a scalar. Then

T(A+C)=(A+C)B = AB + CB = T(A) + T(C)

and
T(aA) = (aA)B = a(AB) = oT(A).

(5) The transformation T : M,,,, — R defined by

ai; aiz -+ dip
az1 agz2 --- G2p

) =1 : : : : =tr(A) =an +ag + -+ anm
anl1 Aap2 -+ dpn

is linear.

Suppose that A = [a;;] and B = [b;;] are both n x n matrices and « is a scalar. Then

T(A+B) = T([ai; + bi])

(a11 + b11) + (@22 + b22) + -+ - + (apn + bun)
(@11 +ag2 + -+ apn) + (bir + b2+ -+ + bpp)
tr(A) +tr(B)

= T(A)+T(B)

and

T(aA) = tr(ad)

aal] + aagg + -+ Qlpp

alair + a2 + -+ apn)
atr(A)
= aT(A).



(7) T is not linear. For example, let

10
=1 1]
and
-1 0
B=[ 7 ]
Then
0 0
A+B—[O 0}
We see that

T(A)+T(B) =rank(A)+rank(B) =2+2=4#T(A+ B) =rank(A+ B) =0.

(8) T is not linear. For example,

2T(1+ 2+ 2%) = 2(24 2z + 227)
= 444z + 422
# T2(1+z+2%)
= T(2+ 2z + 22?)
= 343z + 32%

(16) Using the fact that T is linear, we have

T(6+z—42%) = 6T(1) +1T(z) — 4T (2?)
= 6(3—22) + (4o — 2?) — 4(2 + 22?)
= 10 — 8z — 92°

and
T(a+bx+cx?) = aT(1)+bT(x) + T(z?)
= a(3—2z) +b(4x — %) + ¢(2 + 22?)
= (3a+2¢) + (—2a + 4b)x + (b + 2¢)z?

(17) First note that
4—x 4322 =0(1+x) - 1(z+2%) +4(1 + 2?).

So, using the fact that 7" is linear, we have
T(4—z+32%) = TOQA+z)—1(z+2) +4(1+2?)
= 0T(1+z)—1T(x + 2%) + 4T + 2?)
= 01+ —(z -2 +401 + 2z + 2%
= 443z +52°
To find T'(a + bx + ¢?) in general, we need to write a + bz + cz? as a linear combination of 1 + z,
r+ 22 and 1+ 22
a+br+cx? = c(1+z)+colx +22) + e3(1 + 2?)
= (c1+c3)+ (c1 + c2)z + (c2 + c3)2?



Comparing coeflicients this gives the linear system

c1 +c3
c1+ec = b
c2+c3 = ¢

We form the augmented matrix and row-reduce:

1 01 | a 10 1 | a
110 b|l—]01-11] b-a
01 1] ¢ 00 2 | c—b+a
Solving the system, we obtain
a+b—c
1 =
2
—a+b+c
C2
2
a—b+c
P
K 2

Thus, using the linearity of T', we have

T(a + bx + cx?)

o (s (22012
T -

_ <+§ ) 1+m+< ”b“) ( x2>+<§+">m+x2>

— <a+;)c> —i—( a+b+c> x—x2)+<a;+c>(1+x+x2)
3a—b—c

= a+cm+< 2 > 2

Let B = {E11, E12, Eo1, E22} be the standard basis for Mag. Then

[ Z) : ] =wh + xE19 + yEo1 + zE90.

Since T : Mss — R, we know that the images of the standard basis vectors are simply real
numbers. Let T'(F11) = a,T(E12) = b,T(E21) = ¢ and T(E2) = d where a,b,c and d are real
numbers. Then, by the linearity of T, we have

T [ ZJ Z ] = T(wEy + xE12 + yEo + 2E)

U)T(EH) + CCT(E12) + yT(E21> + ZT(EQQ)
aw + bx + cy + dx

(20) Observe that

0 2 3
6 |=6|1|—-4(0
-8 0 2



Since

0
T 6 = —2+422°
-8
2 3
£ 6| 1| —4T] 0
0 2
= 6(1+x)—42—x+2%
= —2+4 10z — 422

the transformation 7" with the given properties cannot be linear.

(25) We have

and

_ S[Qﬂs—}—y}
-y

_ 2z -y

B 0 2zx+4+2y

Finally, (T'0 S) { ‘; ] is not defined since S [ :; ] is a 2 x 2 matrix, but the domain of T is R2.

seoly] = st)

(29) We have



and

weoi] - o(e[7)

_ dr +y
N 3x+y

T

[ 4z +y) — Bz +y) ]
34z +y) +4(3z +y)

- [7]

By definition, since S oT = Ig2 and T o § = Ip2, S and T are inverses.

Section 6.5:
1 2 10 00
|2 3]=los]#[0 o)
the given matrix is not in ker(7).
(ii) Since
0 4 00
5 0l=[5 0]
the given matrix is in ker(7").
3 0 3 0 00
r[5 5]=[5 51#[0 o)

the given matrix is not in ker(T).

(iii) Since

(b) (i) Any matrix in range(7") must have zeros for the (1,2) and (2,1) entries. Thus, the given
matrix is not in range(7T").
(ii) For the same reason as in (i), the given matrix is not in range(7).
(iii) Since the (1,2) and (2,1) of the given matrix are 0, this matrix is in range(7"). In fact,

f[3 203 2]
(c) We have

ker(T') =

Q
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and

range(T) = {

ruen =[] 4]0]

the given polynomial is not in ker(T").

ro-=[3]¢[:]

the given polynomial is not in ker(7').

(ii) Since

(iii) Since

the given polynomial is in ker(7T').
(b) (i) Since

the given vector is in range(7).
(ii) Since

the given vector is in range(T).
(iii) Since

the given vector is in range(7).

(c) We have
ker(T) = {a+bm+ca:2:T(a+bx+cx2)—[8}}
. 2 . a—2> o 0
= {a+bm+cx '[b—i-c]_[()]}
= {a+bx+caz2:a:b,b:—c}
= {a—i—aw—ax2}
and
range(T) = {T(a+bx+cz?):a+bz+cz® € Pa}
- a—b
N b+c
= R?



(5) From Exercise 1 we have that

0 b
ker(T) = {[ J ]}
_ 00 b 0 1
Lt oo 0 0
B 00 01
- Pl 0o o
Suppose we have scalars ¢; and ¢ such that
. 0 0 ny 0 1] |00
"1 o0 *loo] oo
It is easy to see that ¢; = co = 0. Thus the spanning set is also linearly independent. We conclude

== {2515 8]}

is a basis for ker(T") and so nullity(7T") = 2.

a 0
range(T) = {[ 0 d ]}
10 00
- Lo oo ]}
— wan 10 00
- P 0 0[]0 1
Suppose we have scalars ¢; and ¢y such that
. 10 ny 0 0] 100
"loo lo1] oo
It is easy to see that ¢; = ¢ = 0. Thus the spanning set is also linearly independent. We conclude

={[5 o) [0 8]}

is a basis for range(T") and so rank(7T") = 2.
By the Rank Theorem,

Similarly,

dim(Myz) =4 = 2+ 2 = nullity(T) + rank(T).
(7) From Exercise 3, we have that
ker(T) = {a + ax — az®} = {a(1 + = — 2*)} = span(1l + = — 2?).
Thus, since there is only only spanning vector in this case, we see that

B={1+z-2%



is a basis for ker(7") and so nullity(7") = 1.

Since range(T) = R?, we can take the standard basis

s={L] 3]}

as a basis for range(7"). We conclude that rank(7") = 2.

By the Rank Theorem,

dim(P2) =3 =1+ 2 = nullity(T) + rank(T).

(11) We have

e = {2 al (el [0 ][00 ])
-l el L =00l
_ {Z Z::a:b,c:d}
- { i‘_}
ok

a
| c
1 1 00
11
11 00
P Lo 0|11
Furthermore, if ¢; and cy are scalars such that
. 11 iy 00| |00
"lo o L1 1] |00
then clearly ¢; = co = 0 which shows that the spanning set is also linearly independent. Thus
11 00
s={[s o[V 1]}

is a basis for ker(T"). Thus, nullity(7") = 2.
By the Rank Theorem

dim(Mag) = 4 = nullity(T) + rank(T) = 2 + rank(T) = rank(T) =4—-2=2.

(17) (a) We apply Theorem 6.20 to conclude that the transformation 7' is not 1-1. To see that
ker(T') # {0} observe that 1+ 2z + 2% # 0 + Ox + 0x2 and

0
TA+2z4+2%) =10
0



(b) Since dim(P2) = 3 = dim(R?) and T is not 1-1, we apply Theorem 6.21 to conclude that T
is also not onto.

(21) The vector space

V =D3= 0

has basis

o O
)
@)

1 01,
0 0

1 00
B = 00 0,
0 00

o O O

0 0
00
0 1

o

(you should check that these matrices span D3 and are linearly independent). Thus,
dim(Ds3) = 3 = dim(R?).

By Theorem 6.25, the vector spaces D3 and R3 are isomorphic.

Define the linear transformation 7" : D3 — R3 by

a 0 0 a
T]10 b 0| =1]01d
0 0 c | i
Note that o
a 0 0 a 0
T|0 b 0| = =10 — a=b=c=0
0 0 ¢ | 0]
and so
0 0O
ker(T) = 0 00
000
which shows that 7" is 1-1.
a
Also, if x = | b | is any vector in R?, then
c
a 0 O
T]10 b 0| =x
0 0 c

which shows that range(7) = R3. Thus, 7 is onto.

We conclude that 7" is an isomorphism.

(23) Note that
V:{AEMggtAT:A}

and
W ={B € My : BT = —B}.

10



‘We observe that

a b c

V = b e f

c f s
1 00 010 0 01 0 00 0 00 0 00
span|:000 T 00(,J]00O0],/]01O0]|,/0O0T1],/000
000 000 1 00 0 00 010 0 01

It is also easy to see that these spanning matrices are linearly independent, and hence form a basis
for V.

Similarly,
0 b c
W = —b 0 f
—c —f 0
0 10 0 01 0 00
= span -1 0 0|, 00 01,0 0 1
0 00 -1 0 0 0 -1 0

It is also easy to see that these spanning matrices are linearly independent, and hence form a basis
for W.

We conclude that dim(V) = 6 and dim(W) = 3. So, by Theorem 6.25, V' and W are not

isomorphic.
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