The Bifurcation Approach To Hyperbolic Geometry

Abraham A. Ungar Department of Mathematics North Dakota State University Fargo, ND 58105, USA Email: ungar@plains.NoDak.edu

ABSTRACT The Thomas precession of relativity physics gives rise to important isometries in hyperbolic geometry that expose analogies with Euclidean geometry. These, in turn, suggest our bifurcation approach to hyperbolic geometry, according to which Euclidean geometry bifurcates into two mutually dual branches of hyperbolic geometry in its transition to non- Euclidean geometry. One of the two resulting branches turns out to be the standard hyperbolic geometry of Bolyai and Lobachevsky. The corresponding bifurcation of Newtonian mechanics in the transition to Einsteinian mechanics indicates that there are two, mutually dual, kinds of uniform accelerations. Furthermore, while current hyperbolic geometry “does not use the notion of vector at all” (I.M. Yaglom, Geometric Transformations III, p. 135, trans. by Abe Shenitzer, Random House, New York, 1973), our bifurcation approach exposes the elusive hyperbolic vectors, that we call gyrovectors.

1 INTRODUCTION

Since it was created in the first half of the nineteenth century in the midst of attempts to understand Euclid’s axiomatic basis for geometry, hyperbolic geometry has been studied in terms of several models [3]. Two of its models are of special interest in this article since they arise from the Möbius transformations of the complex unit disc and from Einstein’s addition. These models of hyperbolic geometry are

(1) the Poincaré ball model, which governs the Möbius addition in the ball, that will be introduced in this article; and

(2) the Beltrami (also known as the Klein) ball model, which governs the Einstein velocity addition of relativistically admissible velocities.

Hyperbolic geometry is a fundamental aspect of modern physics. The Thomas precession of relativity physics, in turn, is becoming increasingly important in hyperbolic geometry, where it has been extended by abstraction to the so called Thomas gyration [25]. Thomas gyration is an isometry of hyperbolic geometry that any two points of the geometry generate, that allows Euclidean and hyperbolic geometry to be unified in terms of analogies that it exposes. The novel analogies, in turn, uncover duality symmetries that demonstrate that in the transition to non-Euclidean geometry, Euclidean geometry bifurcates into two mutually dual branches of hyperbolic geometry one of which is the standard hyperbolic geometry, Fig. 0.9.

Thomas precession is a relativistic effect that has no classical counterpart. Its sensitivity to the non-Euclidean nature of the geometry of spacetime attracts NASA’s interest to measure the Thomas precession of gyroscopes of unprecedented accuracy in Earth orbit; see the NASA/Stanford GP-B Program in URL http://einstein.stanford.edu.

Unexpected mathematical regularity that the Thomas precession stores was exposed in 1988 [21] and, subsequently, its key features were abstracted. The resulting abstract Thomas precession is called Thomas gyration, suggesting the prefix "gyro" that we use in gyroterminology to coin terms and notions that emphasize analogies, like the gyrocommutative law, the gyroassociative law, gyrogroups, gyroautomorphisms, gyrovectors and gyrovector spaces [25]. In fact, the essence of the present article is to demonstrate that hyperbolic geometry is the gyro-Euclidean geometry.

Gyrogroups are generalized groups that share remarkable analogies with groups [25]. In full analogy with groups

(1) gyrogroups are classified into gyrocommutative gyrogroups and non gyrocommutative gyrogroups; and

(2) some gyrocommutative gyrogroups admit scalar multiplication, turning them to gyrovector spaces.

(3) Gyrovector spaces, in turn, provide the setting for hyperbolic geometry in the same way that vector spaces provide the setting for Euclidean geometry, thus enabling the two geometries to be unified. Specifically:

Vector addition, +, in abstract spaces is a commutative and associative binary operation in a group of vectors, which supports scalar multiplication giving rise to vector spaces. These, in turn, provide the setting for Euclidean geometry. In full analogy, Einstein’s addition, ⊕, of relativistically admissible velocities is abstracted to a gyrocommutative and gyroassociative binary operation in a gyrogroup of gyrovectors, which supports scalar multiplication giving rise to gyrovector spaces. These, in turn, provide the setting for hyperbolic geometry.

The isometry group of the resulting hyperbolic geometry is the gyrosemidirect product group of a gyrogroup of left gyrotranslations and a group of rotations [25]. This gyrosemidirect product structure of the isometry group of hyperbolic geometry is fully analogous to the semidirect product structure of the isometry group of Euclidean geometry, which is the semidirect product group of a group of translations and a group of rotations.

The power and elegance of the capability of gyrovector spaces to unify Euclidean and hyperbolic geometry is demonstrated in this article, leading naturally to our bifurcation approach to hyperbolic geometry.

2 GYROGROUPS AND GYROVECTOR SPACES

Historically, the first gyrogroup structure was discovered in the study of Einstein’s velocity addition [21] [22] [25] [26]. However, the best way to introduce the gyrogroup notion by example is provided by the Möbius transformation group of the complex open unit disc.

The most general Möbius transformation of the complex open unit disc D = {z : |z| < 1} in the complex z-plane [1][9], z → e^{iθ} a + z 1 + az = e^{iθ}(a⊕z) (0.1)

induces the Möbius addition ⊕ in the disc, allowing the Möbius transformation of the disc to be viewed as a Möbius left gyrotranslation z → a⊕z = a + z 1 + az (0.2)

followed by a rotation. Here θ ∈ R is a real number, a, z ∈ D , and a is the complex conjugate of a. Möbius addition ⊕ is neither commutative nor associative. The breakdown of commutativity in Möbius addition is "repaired" by the introduction of gyration, gyr : D × D → Aut(D , ⊕), given by the equation

gyr[a, b] = a⊕b b⊕a = 1 + ab 1 + ab (0.3)

where Aut(D , ⊕) is the automorphism group of the groupoid (D , ⊕). We recall that a groupoid (G, +) is a nonempty set G with a binary operation +, and an automorphism of a groupoid (G, +) is a bijective self-map of the groupoid G which respects its binary operation +. The set of all automorphisms of a groupoid (G, +) forms a group under bijection composition, denoted Aut(G, +). The gyrocommutative law of Möbius addition ⊕ that follows from the definition of gyr in (0.3), a⊕b = gyr[a, b](b⊕a) (0.4) is not terribly surprising, but we are not finished.

Coincidentally, the gyration gyr[a, b] that repairs the breakdown of the commutative law of ⊕ in (0.4), repairs the breakdown of the associative law of ⊕ as well, giving rise to the respective left and right gyroassociative laws a⊕(b⊕z) = (a⊕b)⊕gyr[a, b]z (a⊕b)⊕z = a⊕(b⊕gyr[b, a]z) (0.5) for all a, b, z ∈ D . Coincidences in mathematics do not emerge accidentally. Hence, the discovery that the gyrocommutative law of Möbius’ (and Einstein’s) addition accompanies a gyroassociative law (left and right) in [21] was a significant development, signaling the birth of gyrogroup theory and gyrovector space theory.

Guided by analogies with groups we take the (gyrocommutative and the) gyroassociative laws and other key features of the Möbius addition as a model of a (gyrocommutative) gyrogroup, obtaining the following

Definition 1 (Gyrogroups). The groupoid (G, ⊕) is a gyrogroup if its binary operation satisfies the following axioms and properties. In G there exists a unique element, 0, called the identity, satisfying

(g1) 0⊕a = a⊕0 = a Identity

for all a ∈ G. For each a in G there exists a unique inverse ⊖a in G, satisfying

(g2) ⊖a⊕a = a⊖a = 0 Inverse

where we use the notation a⊖b = a⊕(⊖b), a, b ∈ G. Moreover, if for any a, b ∈ G the self-map gyr[a, b] of G is given by the equation gyr[a, b]z = ⊖(a⊕b)⊕(a⊕(b⊕z)) (0.6) for all z ∈ G, then the following hold for all a, b, c ∈ G:

(g3) gyr[a, b] ∈ Aut(G, ⊕) Gyroautomorphism Property (g4a) a⊕(b⊕c) = (a⊕b)⊕gyr[a, b]c Left Gyroassociative Law (g4b) (a⊕b)⊕c = a⊕(b⊕gyr[b, a]c) Right Gyroassociative Law (g5a) gyr[a, b] = gyr[a⊕b, b] Left Loop Property (g5b) gyr[a, b] = gyr[a, b⊕a] Right Loop Property (g6) ⊖(a⊕b) = gyr[a, b](⊖b⊖a) Gyrosum Inversion Law (g7) gyr^{−1}[a, b] = gyr[b, a] Gyroautomorphism Inversion

A gyrogroup (G, ⊕) is gyrocommutative if it satisfies

(g8) a⊕b = gyr[a, b](b⊕a) Gyrocommutative Law

Definition 2 (The Gyrogroup Dual Operations). Let (G, ⊕) be a gyrogroup. A secondary binary operation ⊞ in G is defined by the equation (g9) a ⊞ b = a⊕gyr[a, ⊖b]b Secondary Operation The primary operation ⊕ and the secondary operation ⊞ of a gyrogroup (G, ⊕) are collectively called the mutually dual operations of the gyrogroup. The secondary operation is also called the dual operation.

Theorem 3. Let (G, ⊕) be a gyrogroup. Its primary binary operation ⊕ is given in terms of its secondary binary operation ⊞ by the identity (g10) a⊕b = a ⊞ gyr[a, b]b Primary Operation Theorem 4. A gyrogroup (G, ⊕) is gyrocommutative if and only if (g11) ⊖(a⊕b) = ⊖a⊖b Automorphic Inverse Theorem 5. A gyrogroup (G, ⊕) is gyrocommutative if and only if its associated dual groupoid (G, ⊞) is commutative, (g12) a ⊞ b = b ⊞ a Commutative Dual Operation Remark 6. Considering the binary operations ⊕ and ⊞ of a gyrogroup (G, ⊕) mutually dual is justified by (g9) and (g10) provided that the gyrations gyr[a, b] and gyr[a, −b] are considered mutually dual in some sense as well. The sense in which gyr[a, b] and gyr[a, −b] are considered mutually dual will emerge naturally in Theorem 13.

Gyrogroup theory is presented in [25], where Theorems 3, 4 and 5 are verified. The two dual binary operations in a gyrogroup expose useful duality symmetries in gyrogroups and in gyrovector spaces, as well as in hyperbolic geometry. In particular, they give rise to the left cancellation law [25] a⊕(⊖a⊕b) = b (0.7) and to the two dual right cancellation laws [25] (b⊖a) ⊞ a = a (b ⊟ a)⊕a = a (0.8)

where b ⊟ a = b ⊞ (⊖a). In addition, the secondary binary operation provides dual loop properties, (g5c) gyr[a, b] = gyr[a ⊟ b, b] Dual Left Loop Property (g5d) gyr[a, b] = gyr[a, b ⊟ a] Dual Right Loop Property

The left and the right cancellation laws indicate that in order to capture analogies that gyrogroups share with groups, the two mutually dual binary operations in a gyrogroup are needed. Their presence, in turn, gives rise to duality symmetries, and generate the Euclidean bifurcation shown in Fig. 0.9, that suggests our new approach to hyperbolic geometry.

A gyrogroup is a loop [13] [17], since it possesses an identity element, and each of the two equations a⊕x = b y⊕a = b (0.9)

for x and y in any gyrogroup (G, ⊕) possesses a unique solution [25], x = ⊖a⊕b y = b ⊟ a (0.10)

In the same way that we say that (a commutative and) an associative loop is a (commutative) group, one may say that (a gyrocommutative and) a gyroassociative loop is a (gyrocommutative) gyrogroup.

For the sake of clarity, Definition 1 of a gyrogroup involves both axioms and properties. However, for an axiomatic approach, a definition that involves only axioms is preferable. An equivalent definition, based on axioms alone, is therefore presented below.

Definition 7 (Gyrogroups: A Second, Equivalent Definition). The groupoid (G, ⊕) is a gyrogroup if its binary operation satisfies the following axioms. In G there is at least one element, 0, called a left identity, satisfying

(G1) 0⊕a = a Left Identity

for all a ∈ G. There is an element 0 ∈ G satisfying axiom (G1) such that for each a in G there is an element ⊖a in G, called a left inverse of a, satisfying

(G2) ⊖a⊕a = 0 Left Inverse

Moreover, for any a, b, z ∈ G there exists a unique element gyr[a, b]z ∈ G such that

(G3) a⊕(b⊕z) = (a⊕b)⊕gyr[a, b]z Left Gyroassociative Law If gyr[a, b] denotes the map gyr[a, b] : G → G given by z → gyr[a, b]z then (G4) gyr[a, b] ∈ Aut(G, ⊕) Gyroautomorphism

and gyr[a, b] is called the Thomas gyration, or the gyroautomorphism of G, generated by a, b ∈ G. Finally, the gyroautomorphism gyr[a, b] generated by any a, b ∈ G satisfies

(G5) gyr[a, b] = gyr[a⊕b, b] Left Loop Property

The equivalence of Definitions 1 and 7 is verified in [25].

3 THE MÖBIUS GYROGROUPS AND GYROVECTOR SPACES

Definition 8 (The Möbius Addition). Let V be a real inner product space, and let V_c = {v ∈ V : ‖v‖ < c} be the open ball of V of radius c > 0. Möbius addition ⊕_M in the ball V_c , is a binary operation in V_c given by the equation

u⊕_M v =

(1 +^2_{c2} u·v +^1_{c2} ‖v‖^2)u + (1 −^1_{c2} ‖u‖^2)v

1 +^2_{c2} u·v +^1_{c4} ‖u‖^2‖v‖^2

(0.11)

where · and ‖·‖ are the inner product and norm that the ball V_c inherits from its space V.

Möbius addition satisfies the useful identity

γ_{u⊕M v} = γ_u γ_v √ 1 + 2 c^2 u·v + 1 c^4

‖u‖^2‖v‖^2 (0.12)

where γ_u is the Lorentz factor γ_u = (1 − ‖u‖^2/c^2)^{−1/2}.

The groupoid (V_c , ⊕_M ) is a gyrocommutative gyrogroup [25], called the Möbius gyrogroup. Its dual binary operation, ⊞_M , is related to ⊕_M by Definition 2. It turns out to be

u ⊞_M v =

(1 −^1_{c2} ‖v‖^2)u + (1 −^1_{c2} ‖u‖^2)v 1 −^1_{c4} ‖u‖^2‖v‖^2 = γ^2_uu + γ^2_vv γ^2_u + γ^2_v − 1

(0.13)

for all u, v ∈ V_c . The dual binary operation ⊞_M is commutative, as expected from Theorem 5. The inverse ⊟_M v of v relative to the secondary binary operation ⊞_M satisfies ⊟_M v = ⊖_M v = −v for all v ∈ V_c .

Remark 9. In the special case when V is realized by the real line R, the two mutually dual binary operations coincide, resulting in a commutative group operation in the open interval R_c = (−c, c).

To justify calling ⊕_M in Definition 8 a Möbius addition we will now show that ⊕_M of (0.11) in two dimensions, when V = R^2 and V_c = R^2_c , is equivalent to ⊕_M of (0.2). We, therefore, identify vectors in R^2 with complex numbers in the usual way, u = (u_1, u_2) = u_1 + iu_2 = u (0.14)

The inner product and the norm in R^2 then become the real numbers u·v = Re(ūv) = ūv + uv̄ 2 ‖u‖ = |u| (0.15)

where ū is the complex conjugate of u.

Under the translation (0.15) of elements of the open unit disc R^2_{c=1} of R^2 to elements of the complex unit disc D , the Möbius addition (0.11) in the open ball V_c = R^2_{c=1} of V = R^2 , with c = 1 for simplicity, takes the form

u⊕_M v =

(1 + 2u·v + ‖v‖^2)u + (1 − ‖u‖^2)v 1 + 2u·v + ‖u‖^2‖v‖^2 = (1 + ūv + uv̄ + |v|^2)u + (1 − |u|^2)v 1 + ūv + uv̄ + |u|^2|v|^2 = (1 + uv̄)(u + v) (1 + ūv)(1 + uv̄) = u + v 1 + ūv = u⊕_M v

(0.16)

for all u, v ∈ R^2_{c=1} , and all u, v ∈ D . In (0.16) we recover the Möbius addition ⊕_M , (0.1), in the open unit disc D of C. Hence, the Möbius addition in Definition 8 is a natural generalization of the Möbius addition (0.2) in the complex disc. For more about the generalization see [23].

Definition 10 (Möbius Scalar Multiplication). Let (V_c , ⊕) be a Möbius gyrogroup. The Möbius scalar multiplication r⊗v = v⊗r in V_c is given by the equation r⊗v = c (1 + ‖v‖/c)^r − (1 − ‖v‖/c)^r (1 + ‖v‖/c)^r + (1 − ‖v‖/c)^r v ‖v‖ = c tanh ( r tanh^{−1} ‖v‖ c ) v ‖v‖ (0.17)

where r ∈ R, v ∈ V_c , v ≠ 0; and r⊗0 = 0.

The Möbius addition ⊕_M = ⊕ and its associated scalar multiplication ⊗ possess the following properties. For any positive integer n and for all r, r_1 , r_2 ∈ R and a, b, u, v ∈ V_c , (V1) n⊗v = v⊕ . . . ⊕v (n terms)

(V2) (r_1 + r_2 )⊗v = r_1 ⊗v⊕r_2 ⊗v Scalar Distributive Law (V3) (r_1 r_2 )⊗v = r_1 ⊗(r_2 ⊗v) Scalar Associative Law (V4) r⊗(r_1 ⊗v⊕r_2 ⊗v) = r⊗(r_1 ⊗v)⊕r⊗(r_2 ⊗v)Monodistributive Law

(V5) |r|⊗v ‖r⊗v‖ = v ‖v‖ Scaling Property

(V6) ‖r⊗v‖ = |r|⊗‖v‖ Homogeneity Property (V7) ‖u⊕v‖ ≤ ‖u‖⊕‖v‖ Gyrotriangle inequality (V8) gyr[a, b](r⊗v = r⊗gyr[a, b]v‖ Gyroautomorphism Property

We may note that, ambiguously, ⊕ in (V 7) is a binary operation in V_c and in R_c , Remark 9. Obviously, the condition in (V 1) can be relaxed to 1⊗v = v. A Möbius gyrogroup (V_c , ⊕_M ) with scalar multiplication ⊗ is called a Möbius gyrovector space, denoted (V_c , ⊕_M , ⊗).

4 THE EINSTEIN GYROGROUPS AND GYROVECTOR SPACES

Einstein’s velocity addition ⊕_E of relativistically admissible velocities is a gyrocommutative gyrogroup operation [22] [25] in the c-ball R^3_c ,

R^3_c = {v ∈ R^3 : ‖v‖ < c} (0.18)

of the Euclidean 3-space R^3 , giving rise to the relativity gyrocommutative gyrogroup (R^3_c , ⊕_E ). It is given by the equation

u⊕_E v = 1 1 + u·v c^2 { u + 1 γ_u v + 1 c^2 γ_u 1 + γ_u

(u·v)u } (0.19)

for all u, v ∈ R^3_c , where γ_v = (1 − ‖v‖^2/c^2)^{−1/2}. An extension of the relativity gyrocommutative gyrogroup (R^3_c , ⊕_E ) to a gyrogroup of boosts (a boost is a Lorentz transformation without rotation in the jargon) is presented in [18].

Einstein’s addition ⊕_E is thus a binary operation in the open c-ball R^3_c of the Euclidean 3-space R^3 . Most texts on relativity present Einstein’s addition only for parallel velocities, for the sake of simplicity. Several outstanding exceptions to this are the books by Fock [6], by Bacry [2], and by Sexl and Urbantke [16], where, as in (0.19), the Einstein velocity addition law is presented for the general case in which velocities need not be collinear. Unlike its simple special case, when all velocities are parallel, in its full generality the Einstein relativistic velocity addition ⊕_E is neither commutative nor associative.

The groupoid of classical velocities (R^3 , +) under ordinary vector addition forms a commutative group as opposed to the Einstein groupoid of relativistically admissible velocities (R^3_c , ⊕_E ) which, under Einstein’s velocity addition, forms a non-group gyrocommutative gyrogroup. Furthermore, like vector addition, Einstein’s addition remains valid in higher dimensions. We therefore extend the Einstein addition (0.19) by abstraction.

Definition 11 (The Abstract Einstein Addition). Let V be a real inner product space, and let V_c = {v ∈ V : ‖v‖ < c} be the open ball of V of radius c > 0. Einstein’s addition ⊕_E in the ball V_c , is a binary operation in V_c given by the equation

u⊕_E v = 1 1 + u·v

c^2 { u + 1 γ_u v + 1 c^2 γ_u 1 + γ_u

(u·v)u } (0.20)

where γ_v = (1 − ‖v‖^2/c^2)^{−1/2} and where · and ‖·‖ are the inner product and norm that the ball V_c inherits from its space V.

Einstein’s addition satisfies the useful identity

γ_{u⊕E v} = γ_u γ_v (1 + u·v c^2

) (0.21)

The groupoid (V_c , ⊕_E ) is a gyrocommutative gyrogroup [25], called the Einstein gyrogroup.

The formal definition of Einstein’s scalar multiplication is identical with that of Möbius scalar multiplication,

Definition 12 (Einstein’s Scalar Multiplication). Let (V_c , ⊕) be an Einstein’s gyrogroup. The Einstein scalar multiplication r⊗v = v⊗r in V_c is given by the equation r⊗v = c (1 + ‖v‖/c)^r − (1 − ‖v‖/c)^r (1 + ‖v‖/c)^r + (1 − ‖v‖/c)^r v ‖v‖ = c tanh ( r tanh^{−1} ‖v‖ c ) v ‖v‖ (0.22)

where r ∈ R, v ∈ V_c , v ≠ 0; and r⊗0 = 0.

Like Möbius addition and scalar multiplication, Einstein’s addition and its associated scalar multiplication satisfy properties (V 1) − (V 7).

The Einstein dual addition ⊞_E , Definition 2, is given by the equation

u ⊞_E v = 2⊗ γ_u u + γ_v v γ_u + γ_v

(0.23)

or equivalently, by the equation

u ⊞_E v = C_{u,v}γ_u u + C_{u,v}γ_v v (0.24) where C_{u,v} is the coefficient

C_{u,v} = γ_u + γ_v γ^2_u + γ^2_v + γ_u γ_v (1 +^{u·v}_{c2} ) − 1

(0.25)

which is symmetric in u and v.

The inverse ⊟_E v of v relative to the secondary binary operation ⊞_E satisfies ⊟_E v = ⊖_E v = −v for all v ∈ V_c .

5 RELATIVISTIC UNIFORM ACCELERATION

Einstein’s and Möbius’ additions are related by the equations

u⊕_E v = 2⊗( 1 2 ⊗u⊕_M 1 2 ⊗v) u⊕_M v = 1 2 ⊗(2⊗u⊕_E 2⊗v)

(0.26)

Their corresponding gyrogroups are, accordingly, isomorphic in an obvious sense [27].

Motivated by duality symmetries and by analogies in relativity physics we introduce in this section two kinds of hyperbolic geodesics, called the mutually dual geodesics, and their corresponding mutually dual metrics. We will use the notation ⊕ for both ⊕_E and ⊕_M when no ambiguity arises or when no distinction is needed.

The hyperbolic geodesic

v(t) = v_0⊕a⊗t (0.27)

v_0, a ∈ R^3_c , t ∈ R, in the Einstein or Moöbius gyrovector space (R^3_c , ⊕, ⊗) represents the time dependent velocity of uniform acceleration, where v_0 is an initial velocity and a is a constant acceleration. The analogies that the relativistic uniform acceleration (0.27) shares with its Newtonian counterpart,

v(t) = v_0 + at (0.28)

are clear, but incomplete. The non commutativity of Einstein’s and Moöbius’ addition ⊕ raises the question as to whether the right relativistic counterpart of (0.28) is the gyroline (0.27), shown in Figs. 0.1 (Einstein) and 0.3 (Möbius), or, perhaps, the dual gyroline (0.29),

v(t) = a⊗t⊕v_0 (0.29)

shown in Figs. 0.2 (Einstein) and 0.4 (Möbius).

The geodesic in Fig. 0.1 is recognized as a geodesic in the Beltrami disc model of hyperbolic geometry. It is a Euclidean straight line [11]. Similarly,

PSfrag replacements

Figure 0.1. The gyroline v_0 ⊕a⊗t, t ∈ R, in an Einstein gyrovector space (Vc, ⊕, ⊗) is a Euclidean straight line which is a geodesic relative to the Einstein metric (0.33). The Einstein gyrovector space governs the Beltrami model of hyperbolic geometry.

PSfrag replacements

Figure 0.2. The dual gyroline a⊗t⊕v_0 , t ∈ R in an Einstein gyrovector space (Vc, ⊕, ⊗) is a Euclidean semi elliptic arc which is also a dual geodesic relative to the Einstein dual metric (0.34).

the geodesic in Fig. 0.3 is recognized as a geodesic in the Poincaré disc model of hyperbolic geometry. It is a circular arc that intersects the boundary of the disc orthogonally [11]. The dual geodesic in Fig. 0.2 is a semiellipse whose major axis coincides with a diameter of the disc, called the supporting diameter. Similarly, the dual geodesic in Fig. 0.4 is a circular arc which intersects the boundary of the disc diametrically, that is, at two diametrically opposite points, called the antipodal points of the supporting diameter.

In the Beltrami model, the gyrovector a in Fig. 0.1 shows no clear geometrical relationship with the geodesics v_0⊕a⊗t that it generates. But, in the Poincaré model, the gyrovector a in Fig. 0.3 shows clear geometrical relationship with the geodesics v_0⊕a⊗t that it generates: it is Euclidean parallel to the tangent line of the geodesic v_0⊕a⊗t at the point corresponding to t = 0. Clear relationship between the gyrovector a and the dual geodesic a⊗t⊕v_0 that it generates in the two models is observed in Figs. 0.2 and 0.4: it is Euclidean parallel to the supporting diameter of the dual geodesic that it generates.

Various definitions of uniform acceleration are possible in relativity theory [10]. However, a widely accepted one states that uniformly accelerated velocities are those which traverse along geodesics in velocity spaces [29]. One therefore may argue that (0.27) is superior over (0.29) as a candidate for the hyperbolic counterpart of the Newtonian uniform acceleration (0.28) since unlike

PSfrag replacements

Figure 0.3. The gyroline v_0 ⊕a⊗t, t ∈ R, in a Möbius disc gyrovector space (R^2_{c=1} , ⊕, ⊗) is a Euclidean circular arc that intersect the boundary of the disc orthogonally. The Möbius gyrovector space governs the Poincaré model of hyperbolic geometry.

PSfrag replacements

Figure 0.4. The dual gyroline a⊗t⊕v_0 , t ∈ R in a Möbius gyrovector space (R^2_{c=1} , ⊕, ⊗) is a Euclidean circular arc which intersects the boundary of the disc at diametrically opposite points.

(0.29), the relativistic uniform acceleration representation (0.27) is a geodesic in the ball R^3_c relative to the metric (0.33) of the ball. But, what if (0.29) is also a geodesic relative to some as yet unknown metric of the ball? To answer that question we explore the geometric significance of the gyrolines (0.27), shown in Figs. 0.1 and 0.3, and the dual gyrolines (0.29), shown in Figs. 0.2 and 0.4, in terms of analogies that they share with their Euclidean counterpart, (0.28).

It is convenient to write the Euclidean geodesic (0.28) in the form

a + (−a + b)t (0.30)

to display the property of being the unique geodesic passing through two given points a (when t = 0) and b (when t = 1).

The two hyperbolic counterparts, (0.27) and (0.29), of (0.28) can be written in a form analogous to (0.30) as

a⊕(⊖a⊕b)⊗t (0.31) and (b ⊟ a)⊗t⊕a (0.32) The hyperbolic gyroline (0.31) is a geodesic in the ball V_c of a real inner product space V relative to the metric,

d_⊖(u, v) = ‖u⊖v‖ (0.33) of the gyrovector space (V_c , ⊕, ⊗). It is the unique geodesic passing through the points a (when t = 0) and b (when t = 1). We should notice that it is due to the left cancellation law in (0.7), that when t = 1 the geodesic (0.31) passes through the point b.

Similarly, the dual gyroline (0.32) passes through the point a when t = 0 and, due to the right cancellation law (0.8), it passes through the point b when t = 1. It is this need to employ the right cancellation law that dictates that the term ⊖a⊕b in (0.31) be replaced by the term ⊟a ⊞ b = b ⊟ a in (0.32). The dual gyrolines (0.32) are geodesics, called dual geodesics, relative to the dual metric, d_⊟(u, v) = ‖u ⊟ v‖ (0.34)

Gyrovector spaces are thus bimetric, possessing the two mutually dual metrics (0.33) and (0.34) [28]. The primary metric satisfies the primary gyrotriangle inequality ‖u⊖v‖⊕‖v⊖w‖ ≥ ‖u⊖w‖ (0.35) and the secondary metric satisfies the secondary gyrotriangle inequality

‖u ⊟ v‖ ⊞ ‖v ⊟ w‖ ≥ ‖u ⊟ gyr[u ⊟ v, v ⊟ w]w‖ (0.36)

One may note that ⊕ and ⊞ in (0.35) (0.36) are, ambigiously, binary operations in V_c and in R_c , discussed in Remark 9.

The two mutually dual geodesics admit two mutually dual gyration gyrotransitive laws, (0.37) and (0.38), as we state in the following

Theorem 13 (The Gyration Gyrotransitive Laws). Let L_p and L_s be a primary and a secondary geodesics, respectively, in a gyrovector space (V_c , ⊕, ⊗). Let {a_1, · · · , a_n} be a set of n points lying on L_p (in any order), and let {b_1, · · · , b_n} be a set of n points lying on L_s (in any order). Then we have the gyration gyrotransitive law for geodesics,

gyr[a_1, −a_2]gyr[a_2, −a_3] · · · gyr[a_{n−1}, −a_n] = gyr[a_1, −a_n] (0.37)

and the dual gyration gyrotransitive law for dual geodesics,

gyr[b_1, b_2]gyr[b_2, b_3] · · · gyr[b_{n−1}, b_n] = gyr[b_1, b_n] (0.38)

The proof of the first identity in the theorem, (0.37), is found in Eq. (7.3b) of [24] and the proof of the second identity in the theorem, (0.38), is left to the interested reader.

The identities (0.37) and (0.38) in Theorem 13 are called the gyration gyrotransitive laws of, respectively, primary and secondary geodesics. They prove useful in the study of hyperbolic triangle angular defects and parallel transport [28], and emphasize the duality symmetries in the mutually dual geodesics and in the mutually dual gyrations, as remarked in Remark 6.

6 HYPERBOLIC ANGLES AND DUAL HYPERBOLIC ANGLES

Definition 14 (The Hyperbolic Angle). The measure of the hyperbolic angle α, α ≤ π, between two geometric gyrovectors ⊖a⊕b and ⊖a⊕c that emanate from a point a in a gyrovector space (V_c , ⊕, ⊗) is given by the equation

cos α = ⊖a⊕b ‖⊖a⊕b‖ · ⊖a⊕c ‖⊖a⊕c‖ (0.39)

Definition 14 of the hyperbolic angle is illustrated in Fig. 4 of [26], where it is shown that the hyperbolic angle is invariant under left gyrotranslations and rotations. Furthermore, Definition 14 is equivalent to the standard definition of the hyperbolic angle in the Beltrami model of hyperbolic geometry (when ⊕ = ⊕_E ) and in the Poincaré model of hyperbolic geometry (when ⊕ = ⊕_M ) [26]. But, Definition 14 appears in a novel form that exhibits remarkable analogies. As opposed to Euclidean geometry, the triangle angle sum in hyperbolic geometry is less than π [7].

Equations (0.31) and (0.39) capture the essence of the hyperbolic vectors which, being analogous to Euclidean vectors, are called gyrovectors. Indeed, Walter [31] points out that Varičak [30] had to admit in 1924 that the adaption of ordinary vector algebra for use in hyperbolic space was just not possible. Here, however, we find that the lost vectors reappear as gyrovectors.

Being guided by duality symmetries, we are naturally led to explore the hyperbolic dual angle. We will find in Theorem 16 below that, as in Euclidean geometry, the triangle dual angle sum in hyperbolic geometry is π.

Definition 15 (The Hyperbolic Dual Angle). The measure of the hyperbolic dual angle α between two geometric dual gyrovectors ⊟a ⊞ b and ⊟a ⊞ c that emanate from a point a in a gyrovector space (V_c , ⊕, ⊗) is given by the equation

cos α = ⊟a ⊞ b ‖ ⊟ a ⊞ b‖ · ⊟a ⊞ c ‖ ⊟ a ⊞ c‖ (0.40)

Hyperbolic dual angles are invariant under rotations, but are not invariant under left gyrotranslations. However, they carry an important Euclidean property that we state in the following

Theorem 16 (The Hyperbolic π Theorem). Let Δabc be the hyperbolic dual triangle in a gyrovector space (V_c , ⊕, ⊗) whose three vertices are the points a, b, c ∈ V_c . Then, its three hyperbolic dual angles α, β and γ, given by cos α = b ⊟ a ‖b ⊟ a‖ · c ⊟ a ‖c ⊟ a‖ cos β = a ⊟ b ‖a ⊟ b‖ · c ⊟ b ‖c ⊟ b‖ cos γ = a ⊟ c ‖a ⊟ c‖ · b ⊟ c ‖b ⊟ c‖

(0.41)

satisfy the identity α + β + γ = π (0.42)

The hyperbolic orientation of a dual geodesic is defined to be the Euclidean orientation of its supporting diameter. Accordingly, the two hyperbolic dual geodesics L_1 and L_2 in Figs. 0.5 and 0.6 are parallel since they share their supporting diameter. Parallelism thus reappears in the dual branch of hyperbolic geometry, indicating the possibility that no Euclidean property has been lost in the transition to non-Euclidean geometry. The seemingly lost properties, in fact, reappear in the dual branch of hyperbolic geometry. The bifurcation of Euclidean geometry into two hyperbolic mutually dual geometries has initially been encountered in Section 5 in our attempt to understand relativistic accelerations in terms of analogies with classical accelerations. We now see it at work with the hyperbolic dual angle as well.

As in Euclidean geometry, the proof of Theorem 16 follows immediately from the hyperbolic alternate interior dual angles theorem that we will present and verify in Section 7.

7 PARALLELISM IN HYPERBOLIC DUAL GEOMETRY

Two dual (or, secondary) geodesics a⊗t⊕v_0 and b⊗t⊕w_0 in a Möbius or in an Einstein gyrovector space (V_c , ⊕, ⊗), where a and b are nonzero elements of V_c , share a supporting diameter if and only if a and b are Euclidean parallel, as shown in Figs. 0.2 and 0.4. Coincidentally, two dual (or, secondary) geodesics do not intersect if and only if their supporting diameters coincide. This coincidence suggests the following

Definition 17. Two dual geodesics a⊗t⊕v_0 and b⊗t⊕w_0 in any Einstein or Möbius gyrovector space (V_c , ⊕, ⊗) are parallel if a and b are Euclidean parallel.

We may note that in a formal abstract gyrovector space one may take the resulting Theorem 20 below as a definition (rather than as a result) of parallel dual geodesics. The following Lemma has a Corollary that will prove useful in the proof of Theorem 20.

PSfrag replacements

Figure 0.5. Two hyperbolic alternate interior dual angles, α and α^′, generated in any Möbius gyrovector space (Vc, ⊕, ⊗) by a hyperbolic dual geodesic intersecting two parallel hyperbolic dual geodesics are equal.

PSfrag replacements

Figure 0.6. The sum of the dual angles of a hyperbolic dual triangle in any Möbius gyrovector space (Vc, ⊕, ⊗) is π. The proof follows from the equality of hyperbolic alternate interior dual angles, as in the Euclidean case.

Lemma 18. Let (G, ⊕) be a gyrogroup. Then

(a⊕gyr[a, b]x) ⊟ (b⊕x) = a ⊟ b (0.43)

Proof. By the right cancellation law, (0.8), by the dual left loop property (g5c) and by the left gyroassociative law we have

a⊕gyr[a, b]x = ((a ⊟ b)⊕b)⊕gyr[a ⊟ b, b]x = (a ⊟ b)⊕(b⊕x)

(0.44)

Hence, by the right cancellation law or, equivalently, by the second equation in each of (0.9) and (0.10) we have

(a⊕gyr[a, b]x) ⊟ (b⊕x) = a ⊟ b

as desired.

Corollary 19. Let (G, ⊕) be a gyrogroup and let a and b be any two elements of G satisfying gyr[a, b] = I, I being the identity automorphism of G. Then

(a⊕x) ⊟ (b⊕x) = a ⊟ b = a⊖b (0.46)

Proof. The first and the second equalities in (0.46) follow from the substitution of gyr[a, b] = I (i) in the identity of Lemma 18; and (ii) in the equation a ⊟ b = a⊖gyr[a, b]b that follows from Definition 2.

PSfrag replacements

Figure 0.7. Two hyperbolic alternate interior dual angles, α and α^′, generated in any Einstein’s gyrovector space (Vc, ⊕, ⊗) by a hyperbolic dual geodesic intersecting two parallel hyperbolic dual geodesics are equal.

PSfrag replacements

Figure 0.8. The sum of the dual angles of a hyperbolic dual triangle in any Einstein’s gyrovector space (Vc, ⊕, ⊗) is π. The proof follows from the equality of hyperbolic alternate interior dual angles, as in the Euclidean case.

Theorem 20 (Hyperbolic Alternate Interior Dual Angles Theorem). Let L_1 and L_2 be two parallel dual geodesics in an Einstein or a Möbius gyrovector space (V_c , ⊕, ⊗) that are intersected by a dual geodesic at the points P_1 and P_4 of L_1 and L_2 respectively, Figs. 0.5 and 0.7. Furthermore, let P_2 and P_3 be points on L_1 and L_2 respectively, which are located on opposite sides of the intersecting dual geodesic. Then, the two alternate interior dual angles are equal, ∠P_1P_4P_3 = ∠P_4P_1P_2 (0.47)

Proof. The proof is instructive, involving elegant applications of gyrogroup formalism. Let

L_1 : a⊗t⊕v_1, P_1 = a⊗t_1⊕v_1, P_2 = a⊗t_2⊕v_1 L_2 : a⊗t⊕v_2, P_3 = a⊗t_3⊕v_2, P_4 = a⊗t_4⊕v_2

(0.48)

be two hyperbolic parallel dual geodesics in a Möbius or in an Einstein gyrovector space ball (V_c , ⊕, ⊗), with four of their points, P_1 and P_2 on L_1 and P_3 and P_4 on L_2, where a, v_1, v_2 ∈ V_c , and where t ∈ R is a parameter. The special case when the ball V_c of a real inner product space V reduces to the disc R^2_c of R^2 is shown in Figs. 0.5 and 0.7. The points P_1 and P_2 on L_1 and the points P_3 and P_4 on L_2 correspond to arbitrarily selected values t_1, t_2, t_3 and t_4 of the parameter t in (0.48). These values are arbitrarily selected such that t_1 − t_2 and t_4 − t_3 have opposite signs so that the points P_2 and P_3 are located on opposite sides of the dual geodesic passing through P_1 and P_4, as shown in Figs. 0.5 and 0.7.

It follows from Definition 15 of the hyperbolic dual angle, that in order to verify (0.47) it is enough to establish the equation

(⊟P_1 ⊞ P_4)·(⊟P_1 ⊞ P_2) = k^2(⊟P_4 ⊞ P_1)·(⊟P_4 ⊞ P_3) (0.49)

in any Möbius or Einstein gyrovector space (V_c , ⊕, ⊗) where k^2 is a positive constant of proportionality that need not be specified. In both Möbius and Einstein gyrovector spaces (V_c , ⊕, ⊗) we clearly have −v = ⊖v = ⊟v for all v ∈ V_c .

The gyrogroup structure of a gyrovector space is, by definition, gyrocommutative (in the same way that the group structure of a vector space is commutative by definition). The dual binary operation ⊞ in a gyrocommutative gyrogroup, in turn, is commutative by Theorem 5 and, moreover, it satisfies the equation −(x ⊟ y) = −x ⊞ y for all x, y ∈ V_c , as one can readily check. Hence, the left factor in the inner product on the left hand side of (0.49) equals the negative of the left factor in the inner product on the right hand side of (0.49). Therefore, to establish the validity of (0.49) it is enough to verify the equation

P_1 ⊟ P_2 = −k^2(P_4 ⊟ P_3) (0.50)

Equation (0.50) can be written by means of (0.48) as

(a⊗t_1⊕v_1) ⊟ (a⊗t_2⊕v_1) = −k^2(a⊗t_4⊕v_2) ⊟ (a⊗t_3⊕v_2) (0.51)

Since gyr[a⊗s, a⊗t] = I for any a ∈ (G, ⊕) and any s, t ∈ R (follows from Theorem 5.3 in [24]), (0.51) can be simplified by means of Corollary 19 to the equation a⊗t_1⊖a⊗t_2 = −k^2(a⊗t_4⊖a⊗t_3)

which, by the scalar distributive law (V 2) can be further simplified to the equation a⊗(t_1 − t_2) = −k^2(a⊗(t_4 − t_3)) (0.53)

Finally, the validity of (0.53) is obvious since t_1 − t_2 and t_4 − t_3 have opposite signs. Hence, Equation (0.51) is valid, implying the validity of (0.49) and hence of (0.47) as desired.

8 THE RIEMANNIAN GEOMETRY OF GYROVECTOR SPACES

The line element ds^2 of the n-dimensional Riemannian manifold that corresponds to the n-dimensional ball gyrovector space R^n_c = (R^n_c , ⊕, ⊗) of the Euclidean n-space R^n is obtained from the gyrodifferential

Δs = (v + Δv)⊖v (0.54) whose squared norm in R^n gives the distance

‖Δs‖^2 = ‖(v + Δv)⊖v‖^2

between the two neighboring points v and v+Δv of R^n_c , Δv being a gyrovector element of sufficiently small length, ‖Δv‖ < ε for some ε > 0, insuring the condition v + Δv ∈ R^n_c .

Let v, Δv ∈ R^n_c be represented by their components relative to rectangular Cartesian coordinates as v = (x_1, . . . x_n) and Δv = (Δx_1, . . . Δx_n) in R^n . Then, the gyrodifferential Δs can be written as

Δs = [ ∂Δs ∂Δx_1 ] Δv=0

Δx_1 + . . . + [ ∂Δs ∂Δx_n ] Δv=0 Δx_n + ε_1Δx_1 + . . . + ε_nΔx_n

(0.56)

where ε_1, . . . , ε_n → 0 as ε → 0. We write (0.56) as

ds = [ ∂Δs ∂Δx_1 ] Δv=0

dx_1 + . . . + [ ∂Δs ∂Δx_n ] Δv=0

dx_n (0.57)

and, accordingly, we write (0.54) as

ds = (v + dv)⊖v (0.58)

so that

ds^2 = ‖ds‖^2 = ‖(v + dv)⊖v‖^2 (0.59)

ds^2 in (0.59) is the Riemannian line element of the n-dimensional ball gyrogroup (R^n_c , ⊕, ⊗), considered as an n-dimensional Riemannian manifold. Straightforward calculations give for Möbius’ ball gyrovector spaces (R^n_c , ⊕_M , ⊗)

ds^2 = ‖ds‖^2

= ‖(v + dv)⊖_M v‖^2 = ∑_n i=1 dx^2_i ( 1 +^1_4 K ∑_n i=1 x^2_i

)_2

(0.60)

with curvature K = −4/c^2. The study of this line element by Riemann is described on p. 12 of [4], and in two dimensions it is known as the Poincaré metric of the Poincaré disc [11].

Similarly, straightforward calculations give for Einstein’s ball gyrovector spaces (R^n_c , ⊕_E , ⊗)

ds^2 = ‖ds‖^2

= ‖(v + dv)⊖_E v‖^2

= c^2 ∑_n i=1{c^2 − (r^2 − x^2_i )}dx^2_i + 2 ∑_{ni,j=1} i<j x_ix_j dx_idx_j (c^2 − r^2)^2

(0.61)

where r^2 = ∑_n i=1 x^2_i . This line element, with n = 2, is known as the metric of the Beltrami (and Klein) disc model of hyperbolic geometry [11] [19].

9 THE BIFURCATION OF EUCLIDEAN GEOMETRY INTO TWO DUAL HYPERBOLIC GEOMETRIES

Hyperbolic geometry emerged from the denial of parallelism in Euclidean geometry. However, parallelism reappears in the novel, dual branch of hyperbolic geometry. We thus have

(1) Euclidean properties which are denied in hyperbolic geometry, but reappear in hyperbolic dual geometry, and conversely,

(2) Euclidean properties which remain valid in hyperbolic geometry, but are denied in its dual branch.

The gyro-formalism allows Euclidean and hyperbolic geometry to be unified giving rise to a super geometry called gyro-geometry. Euclidean geometry emerges as a degenerate case of gyro-geometry, corresponding to vanishing gyration. Consequently, hyperbolic geometry emerges in an enriched form, consisting of two hyperbolic mutually dual geometries.

(1) One of the resulting two hyperbolic mutually dual geometries turns out to be the standard hyperbolic geometry, while

(2) the other one emerges as a novel branch of hyperbolic geometry, that stores those Euclidean properties, like parallelism, that have seemingly been lost in the transition from Euclidean to non-Euclidean geometry.

Understanding the Euclidean bifurcation into two hyperbolic dual geometries is still in its infancy, but its existence is clearly indicated by Fig. 0.9.

As shown in Fig 12 of [24], and as it is well-known [7], hyperbolic triangle medians are concurrent. In contrast, hyperbolic dual triangle medians are not concurrent, thus observing a Euclidean property which is valid in hyperbolic geometry but it is invalid in hyperbolic dual geometry. A quite different situation is encountered with the triangle angle sum, which is smaller than π in

Euclidean Geometry

Euclidean Distance d(x, y) = ‖x − y‖

Hyperbolic Dual Distance d(x, y) = ‖x ⊟ y‖

Hyperbolic Dual Geometry

(1) Parallelism supported (2) Triangle medians are not concurrent [25] (3) Triangle angle sum = π

Hyperbolic Classical Distance d(x, y) = ‖x⊖y‖

Classical Hyperbolic

Geometry

(1) Parallelism denied (2) Triangle medians are concurrent [25] (3) Triangle angle sum < π

Figure 0.9. The bifurcation of Euclidean geometry into two hyperbolic mutually dual geometries.

hyperbolic geometry, but equals π in hyperbolic dual geometry, Theorem 16. Here we observe, again, a Euclidean property which is not valid in hyperbolic geometry, but reappears in hyperbolic dual geometry. Thus, some Euclidean properties that have seemingly been lost in the transition of Euclidean geometry to non-Euclidean geometry reappear in hyperbolic dual geometry.

Evidently, Euclidean geometry bifurcates into two hyperbolic dual geometries one of which is the standard hyperbolic geometry while the other one is novel. The Euclidean geometry bifurcation into two hyperbolic dual geometries is illustrated schematically in Fig. 0.9, starting from the bifurcation of the Euclidean metric into the two hyperbolic mutually dual metrics.

The bifurcation of Euclidean geometry naturally accompanies a corresponding bifurcation of its underlying axioms. A system of axioms for n-dimensional Euclidean geometry that merits special attention for its elegance and simplicity is the one proposed by Tarski since the 1920s, and recently studied by Givnat [20] and by Pambuccian [12]. It would be, therefore, interesting to explore the bifurcation of Tarski’s system of axioms that corresponds to the Euclidean geometry bifurcation into the two mutually dual branches of hyperbolic geometry.

Since hyperbolic geometry underlies relativistic mechanics in the same way that Euclidean geometry underlies classical mechanics [5] [8] [15], the use of Thomas precession in hyperbolic geometry is expected [14]. Non vanishing Thomas precession, in turn, is the relativistic effect that turns velocity groups to velocity gyrogroups. Moreover, the bifurcation of Euclidean geometry in its transition to non-Euclidean geometry into two hyperbolic dual geometries may accompany a similar bifurcation of classical mechanics in its transition to relativistic mechanics giving rise to a relativistic dual mechanics theory. In this relativistic theory, for instance, the Newtonian uniform acceleration may bifurcate into the two relativistic dual uniform accelerations (0.27) and (0.29).

References

[1] Lars V. Ahlfors. Conformal invariants: topics in geometric function theory. McGraw-Hill Book Co., New York, 1973. McGraw-Hill Series in Higher Mathematics.

[2] H. Bacry. Lectures on group theory and particle theory. Gordon and Breach Science Publishers, New York, 1977. Documents on modern physics.

[3] James W. Cannon, William J. Floyd, Richard Kenyon, and Walter R. Parry.

Hyperbolic geometry. In Flavors of geometry, pages 59–115. Cambridge Univ. Press, Cambridge, 1997.

[4] H. S. M. Coxeter. Non-Euclidean geometry. Mathematical Association of America, Washington, DC, sixth edition, 1998.

[5] Bao Jun Fei and Zhi Gang Li. Relativistic velocity and hyperbolic geometry. Phys. Essays, 10(2):248–255, 1997.

[6] V. Fock. The theory of space, time and gravitation. The Macmillan Co., New York, 1964. Second revised edition. Translated from the Russian by N. Kemmer. A Pergamon Press Book.

[7] Marvin Jay Greenberg. Euclidean and non-Euclidean geometries. W. H.

Freeman and Company, New York, third edition, 1993. Development and history.

[8] P. G. Kard. Hyperbolic trigonometry in a relativistic velocity space. Tartu Riikl. Ül. Toimetised, 117(417 Metodolog. Voprosy Fiz. No. 3):57–69, 1977.

[9] Steven G. Krantz. Complex analysis: the geometric viewpoint. Mathematical Association of America, Washington, DC, 1990. 25

[10] L. Marder. On uniform acceleration in special and general relativity. Proc.

Cambridge Philos. Soc., 53:194–198, 1957.

[11] John McCleary. Geometry from a differentiable viewpoint. Cambridge University Press, Cambridge, 1994.

[12] Victor Pambuccian. On the simplicity of an axiom system for plane Euclidean geometry. Demonstratio Math., 30(3):509–512, 1997.

[13] Hala O. Pflugfelder. Quasigroups and loops: introduction. Heldermann Verlag, Berlin, 1990.

[14] Arlan Ramsay and Robert D. Richtmyer. Introduction to hyperbolic geometry. Springer-Verlag, New York, 1995.

[15] D. K. Sen. 3-dimensional hyperbolic geometry and relativity. In Proceedings of the 2cd Canadian Conference on General Relativity and Relativistic Astrophysics (Toronto, ON, 1987), pages 264–266, Teaneck, NJ, 1988. World Sci. Publishing.

[16] Roman U. Sexl and Helmuth K. Urbantke. Relativität, Gruppen, Teilchen. Springer-Verlag, Vienna, second edition, 1982. Spezielle Relativitätstheorie als Grundlage der Feld- und Teilchenphysik. [Special relativity theory as a foundation of field and particle physics].

[17] Jonathan D. H. Smith and Anna B. Romanowska. Post-modern algebra. John Wiley & Sons Inc., New York, 1999. A Wiley-Interscience Publication.

[18] Jonathan D. H. Smith and Abraham A. Ungar. Abstract space-times and their Lorentz groups. J. Math. Phys., 37(6):3073–3098, 1996.

[19] John Stillwell. Sources of hyperbolic geometry. American Mathematical Society, Providence, RI, 1996. Pages 10 and 35.

[20] Alfred Tarski and Steven Givant. Tarski’s system of geometry. Bull. Symb Logic, 5(2):175–214, 1999.

[21] Abraham A. Ungar. Thomas rotation and the parametrization of the Lorentz transformation group. Found. Phys. Lett., 1(1):57–89, 1988.

[22] Abraham A. Ungar. Thomas precession and its associated grouplike structure. Amer. J. Phys., 59(9):824–834, 1991.

[23] Abraham A. Ungar. Extension of the unit disk gyrogroup into the unit ball of any real inner product space. J. Math. Anal. Appl., 202(3):1040–1057, 1996.

References 27

[24] Abraham A. Ungar. Midpoints in gyrogroups. Found. Phys., 26(10):1277– 1328, 1996.

[25] Abraham A. Ungar. Thomas precession: its underlying gyrogroup axioms and their use in hyperbolic geometry and relativistic physics. Found. Phys., 27(6):881–951, 1997.

[26] Abraham A. Ungar. From Pythagoras to Einstein: the hyperbolic Pythagorean theorem. Found. Phys., 28(8):1283–1321, 1998.

[27] Abraham A. Ungar. Gyrovector spaces in the service of hyperbolic geometry. In Mathematical Analysis and Applications. Hadronic Press, Florida, USA, 2000. In Themistocles M. Rassias (ed.).

[28] Abraham A. Ungar. Beyond the Einstein Addition Law and its Gyroscopic Thomas Precession: The Theory of Gyrogroups and Gyrovector Spaces. Kluwer Acad. Publ., Dordrecht, 2001. in print.

[29] H. Urbantke. Physical holonomy, Thomas precession, and Clifford algebra. Amer. J. Phys., 58(8):747–750, 1990.

[30] Vladimir Varičak. Darstellung der Relativitätstheorie im dreidimensionalen Lobatchefskijschen Raume [Presentation of the theory of relativity in the three-dimensional Lobachevskian space]. Zaklada, Zagreb, 1924.

[31] Scott Walter. The non-Euclidean style of minkowskian relativity. In The Symbolic Universe: Geometry and Physics 1890-1930, pages 91–127. Birkhäuser Boston, Boston, MA, 1999.