APS/123-QED

From Einstein Addition to Thomas Gyration:

Taming The Thomas Precession

Abraham A. Ungar^∗ (Dated: February 28, 2003)

Thomas precession is traditionally studied as an isolated phenomenon in relativity physics. To demonstrate the central role that Thomas precession plays in the special theory of relativity we uncover the road from Einstein addition to Thomas precession. Thomas precession is thus tamed into the so called Thomas gyration that, in turn, captures analogies between Newtonian and Einsteinian velocity spaces, and between their respective Euclidean and hyperbolic geometry. In particular, the analogies to which Thomas precession gives rise indicate that Einstein addition is regulated by the hyperbolic geometry of Bolyai and Lobachevski just as ordinary vector addition is regulated by Euclidean geometry. The path from Einstein addition to Thomas precession thus gives students a great way to get a glimpse into the fascinating world of hyperbolic geometry and the role it plays in relativity physics. There are numerous reasons for the introduction of hyperbolic geometry into the mathematics and physics curricula. But, one certainly is that by working with the special theory of relativity in the context of hyperbolic geometry students will gain a better geometric insight into relativity physics, as we demonstrate in this article.

PACS numbers: 03.30.+p

I. INTRODUCTION

In the small arena of Terrestrial and planetary measurements, Euclidean geometry is the shoe that fits the foot. Over the vast reaches of intergalactic space-time, Lorentzian geometry, the geometry of general relativity, appears to be what is wanted. Neglecting gravitation, the geometry needed is the hyperbolic geometry of Bolyai and Lobachevski, the geometry of special relativity. Indeed, an interesting use of hyperbolic geometry in special relativity has recently been presented by Criado and Alamo in Refs. [1] and [2]. Costella et al have recently emphasized the central role that the Thomas precession or rotation, plays in special relativity [3]. A subsequent interesting supporting comment was presented by Rebilas [4].

The aim of this article is to demonstrate that the most natural and rewarding way to study and introduce Einstein addition and its Thomas precession into the undergraduate and graduate curricula is provided by hyperbolic geometry, the geometry that underlies the special theory of relativity. Accordingly, we will show that it is the hyperbolic geometry of Bolyai and Lobachevski that regulates both Einstein addition and its associated Thomas precession.

As a mathematical prerequisite we assume nothing more than familiarity with the elementary operations of 3-dimensional vectors, and with straight lines and angles of plane analytic geometry. This prerequisite makes our presentation of the road from Einstein addition to Thomas precession in the context of hyperbolic geom-

∗Email: abraham.ungar@ndsu.nodak.edu URL: http://www.math.ndsu.NoDak.edu/faculty/ungar/

etry as painlessly as possible and accessible to a wider audience, including the undergraduate physics student.

In Section III we employ hyperbolic functions to describe the historical way in which hyperbolic geometry emerged in special relativity. Readers who are not familiar with hyperbolic functions may skip reading this section with no loss of understanding of the rest of this article.

Counterintuitively, Einstein addition is neither commutative nor associative. Moreover, the seemingly isolated phenomenon of the Thomas precession confuses the undergraduate students who are not familiar with hyperbolic geometry. Accordingly, we will show in this article that the seemingly structureless Einstein addition and the seemingly isolated Thomas precession reappear in the context of hyperbolic geometry as a unified phenomenon with rich structure of mathematical regularity. It is hoped that following this article the need to bring hyperbolic geometry, as presented in Ref. [5], to the core of the curriculum will become evident.

A novel application to relativity physics of our way to study Einstein addition and its associated Thomas precession in the context of hyperbolic geometry is presented in Section IX. In an unexpected way it explains the notion of the relativistic center of momentum in terms of novel analogies that the pairs ( Euclidean Geometry Newtonian Mechanics ) ↔ ( Hyperbolic Geometry Einsteinian Mechanics )

(1) share. Remarkably, these novel analogies stem from the relativistic mass correction, according to which the mass of moving objects is velocity dependent [6]. In particular, we show that the common relativistic mass correction for moving objects has an interpretation in hyperbolic geometry.

Einsteinian velocities and space rotations parametrize the Lorentz transformation group of relativistic mechanics in a way fully analogous to the well-known use of Newtonian velocities and space rotations to parametrize the Galilei transformation group of classical mechanics. This and other related analogies the Lorentz transformation group shares with its Galilean counterpart are presented in Section X in terms of Einstein addition and its associated Thomas precession. Following these analogies, students who intuitively understand the Galilei transformation group can straightforwardly extend their intuitive understanding to the Lorentz transformation group as well.

II. EINSTEIN ADDITION

Attempts to measure the absolute velocity of the earth through the hypothetical ether had failed. The most famous of these experiments is one performed by Michelson and Morley in 1887 [7]. It was 18 years later before the null results of these experiments were finally explained by Einstein in terms of a new velocity addition law that bears his name, that he introduced in his 1905 paper that founded the special theory of relativity [8, 9].

Contrasting Newtonian velocities, which are vectors in the Euclidean 3-space R^3 , Einsteinian velocities must be relativistically admissible, that is, their magnitude must not exceed the vacuum speed of light. It will prove useful to introduce a notation, ⊕, for the addition of Einsteinian velocities, which is similar to the common notation, +, that we use for vector addition of Newtonian velocities. The notation ⊕ for Einstein addition will help us in this article to treat Einstein addition and vector addition on essentially the same footing. Vector addition will emerge in this article as a special case of Einstein addition, corresponding to a vanishing Thomas precession.

Let c be the vacuum speed of light, and let

R^3_c = {v ∈ R^3 : ‖v‖ < c} (2)

be the c-ball of all relativistically admissible velocities. It is the ball of radius c, centered at the origin of the Euclidean 3-space R^3 , consisting of all vectors v in R^3 with magnitude ‖v‖ smaller than c. Einstein addition ⊕ in the ball, for velocities that need not be parallel, is given by the equation [5, 10],

u⊕v = 1 1 + u·v c^2 { u + 1 γ_u v + 1 c^2 γ_u 1 + γ_u

(u·v)u } (3)

for all u, v∈R^3_c , where γ_u is the Lorentz factor

γ_u = 1 √ 1 − ‖u‖^2 c^2 (4)

Einstein addition (3) of relativistically admissible velocities is found in his 1905 paper (see p. 141 in Ref. [9]) where the magnitudes, (11), of the two sides of Einstein addition (3) are presented. One has to remember here that the Euclidean 3-vector algebra was not so widely known in 1905 and, consequently, was not used by Einstein. Einstein calculated in Ref. [8] the behavior of the velocity components parallel and orthogonal to the relative velocity between inertial systems, which is as close as one can get without vectors to the vectorial version that we present in (3).

In the Newtonian limit, c → ∞, the ball R^3_c of admissible velocities expands to the whole of its space R^3 , as we see from (2), and Einstein addition ⊕ reduces to ordinary vector addition + in R^3 , as we see from (3) and (4).

For the sake of simplicity, some normalize the vacuum speed of light to c = 1. We, however, prefer to leave it as a free positive parameter enabling Einstein addition to be reduced to the ordinary vector addition in the Newtonian limit, when c → ∞. Thus, in the Newtonian limit the groupoid of Einsteinian velocities (R^3_c , ⊕) reduces to the group of Newtonian velocities (R^3 , +). A groupoid in mathematics is a non-empty set with a binary operation. Einstein addition ⊕ is a binary operation in the ball R^3_c , giving rise to the groupoid (R^3_c , ⊕), just as ordinary vector addition + is a binary operation in the Euclidean 3-space R^3 , giving rise to the group (R^3 , +). A group is a groupoid in which the binary operation is associative, and has a neutral element and an inverse element. As an example, the group (R^3 , +) of Newtonian velocities is the Euclidean 3-space R^3 with its ordinary vector addition +. The neutral element is the zero vector 0, and the inverse element of v ∈R^3 is −v. Vector addition in R^3 is both commutative and associative since for all u, v, w∈R^3 we have

u + v = v + u u + (v + w) = (u + v) + w (5) Unlike the group (R^3 , +) of Newtonian velocities, we will see in Section IV that the groupoid (R^3_c , ⊕) of Einsteinian velocities is not a group.

III. THE EMERGENCE OF HYPERBOLIC GEOMETRY IN SPECIAL RELATIVITY

In this section we present the historical way in which hyperbolic geometry emerged in special relativity soon after it was introduced by Einstein in 1905. The rest of the paper is independent of this section so that readers may skip it if they are interested in the new rather than the old.

The Lorentz factor (4) is linked to Einstein addition (3) by the two equivalent identities

γ_{u⊕v} = γ_uγ_v ( 1 + u·v c^2 ) (6)

γ_{u⊖v} = γ_uγ_v ( 1 − u·v c^2 ) (7) first studied by Sommerfeld [11], and Varičak [12].

We use the notation ⊖v = −v for the negative Einsteinian velocity, and u⊖v = u⊕(−v) for the Einstein subtraction in the ball R^3_c so that, for instance, v⊖v = 0.

The usefulness of hyperbolic functions in special relativity is well known [13]. The rapidity ϕ_v of a relativistically admissible velocity v is defined by the equation

ϕ_v = tanh^{−1} ‖v‖ c (8) so that,

cosh ϕ_v = γ_v

sinh ϕ_v = γ_v ‖v‖ c (9)

In the years 1910–1914, the period which experienced a dramatic flowering of creativity in the special theory of relativity, the Croatian physicist and mathematician Vladimir Varičak (1865–1942), professor and rector of Zagreb University, showed in January 1910 [12], that this theory has a natural interpretation in hyperbolic geometry [14] [15].

Indeed, in terms of rapidities the second identity in (7) can be written as

cosh ϕ_{u⊖v} = cosh ϕ_u cosh ϕ_v −sinh ϕ_u sinh ϕ_v cos A (10)

where, according to J.F. Barrett [16], the angle A has been interpreted by Sommerfeld [11], and Varičak [12], as a hyperbolic angle in the relativistic “triangle of velocities” in the Beltrami ball model of hyperbolic geometry. The role of Carathéodory in this approach to special relativity and hyperbolic geometry has recently been described by J.F. Barrett [16], emphasizing that (10) is the “cosine rule” in hyperbolic geometry.

Like vector addition, Einstein addition has a neutral element, the zero vector 0, and the inverse of a vector v is the vector ⊖v =−v in the ball R^3_c . Unlike vector addition, however, Einstein addition is neither commutative nor associative. Thus, in the context of Euclidean geometry Einstein addition does not possess the structure one would expect from “addition”. This is, however, not the case in the context of hyperbolic geometry, as we will see.

IV. ON THE ALGEBRA OF EINSTEIN ADDITION

Einstein addition (3) is not commutative since, in general, u⊕v ≠ v⊕u in the ball R^3_c of all relativistically admissible velocities. Moreover, Einstein addition (3) is not associative since, in general, u⊕(v⊕w) ≠ (u⊕v)⊕w for relativistically admissible velocities u, v and w in the ball. Paradoxically, if the relative velocity between two inertial frames is the composite velocity of u and v, one may ask whether the “correct” relative velocity is u⊕v or v⊕u. This paradox will be resolved in (82).

We may note that the two distinct velocities u⊕v and v⊕u in the ball R^3_c have equal magnitudes [17],

‖u⊕v‖^2 = ‖v⊕u‖^2 = ‖ ‖ ‖ u + v 1 +^{u·v}_{c2} ‖ ‖ ‖^2 − 1

c^2 ‖ ‖ ‖ u×v 1 +^{u·v}_{c2} ‖ ‖ ‖^2 (11)

so that there exists a rotation that takes v⊕u into u⊕v. Indeed, the unique rotation that takes v⊕u into u⊕v about a rotation axis perpendicular to the plane of u and v through an angle < π is the well known Thomas rotation, or precession, generated by u and v [18]. It was already known to Silberstein in 1914 [19], as we will emphasize in Section VI. Graphical illustration of the Thomas precession generated by two relativistic velocities is presented in [20].

For parallel velocities in R^3_c Einstein addition (3) specializes to the binary operation

u⊕v = u + v

1 + u·v

c^2

, u‖v (12)

which is both commutative and associative. Owing to its simplicity and mathematical regularity, the special case (12) of Einstein addition (3) for parallel relativistically admissible velocities is commonly found in the literature on relativity physics. In contrast, Einstein addition (3) for relativistically admissible velocities that need not be parallel seems to have no algebraic structure and, accordingly, it is almost unheard of in texts on relativity physics. Among outstanding exceptions are Refs. [10] and [21].

Fortunately, Thomas gyration comes to the rescue of the breakdown of commutativity and associativity in Einstein addition, as we will see in Section V. Consequently, Einstein addition will emerge as a gyrocommutative, gyroassociative binary operation with rich algebraic structure.

V. THOMAS GYRATION

In this section we define a self-map of the ball R^3_c of all relativistically admissible velocities. It is denoted gyr[u, v] and called the Thomas gyration generated by u, v ∈R^3_c , This self-map of the ball is generated by any two velocities u and v in the ball. In Section VI we will find that the Thomas gyration gyr[u, v] is realized experimentally as the familiar Thomas precession of special relativity. The relativistic effect known as the Thomas precession will, then, appear as a mathematical object called Thomas gyration, that we can harness for work in the study of relativity physics. As an example, the way we harness the Thomas gyration for solving the equation x⊕a = b for the unknown x in the ball R^3_c of Einsteinian velocities will be shown in (28).

Let gyr[u, v] be the self-map of the ball R^3_c generated by u, v∈R^3_c according to the equation

gyr[u, v]w = ⊖(u⊕v)⊕(u⊕(v⊕w)) (13)

Thus, for instance, for u = v = 0 we have

gyr[0, 0]w = w (14)

so that gyr[0, 0] is the identity map of the ball R^3_c .

It can be shown that

gyr[u, 0]w = gyr[0, v]w = w (15)

and that, more generally,

gyr[u, v]w = w, u‖v (16)

whenever u and v are parallel in the ball R^3_c of relativistic velocities.

To verify (16) we note that Einstein addition for parallel velocities, (12), is associative, so that for u‖v we have from the definition of gyr[u, v] in (13),

gyr[u, v]w = ⊖(u⊕v)⊕(u⊕(v⊕w)) = (⊖(u⊕v)⊕(u⊕v))⊕w = 0⊕w = w (17)

as desired.

As a special case of (16), and for later reference, we note that

gyr[u, ⊖u]w = w (18)

for all u, w∈R^3_c since u and ⊖u = −u are parallel.

Owing to the breakdown of associativity in Einstein addition, the self-map gyr[u, v] of the ball R^3_c is, in general, not the identity map. It turns out to be an element of the group SO(3). The group SO(3) is the group of all 3×3 real orthogonal matrices with determinant 1. Indeed, the map gyr[u, v] can be written as a 3×3 real orthogonal matrix with determinant 1, as shown in [17]. More specifically, the map gyr[u, v] represents a rotation of the Euclidean 3-space R^3 about its origin since it preserves the inner product in the ball. Indeed, we have

gyr[u, v]a·gyr[u, v]b = a·b (19) and, hence,

‖gyr[u, v]a‖ = ‖a‖ (20)

for all a, b, u, v∈R^3_c , where · and ‖ ‖ are the inner product and the norm that the ball R^3_c inherits from its space R^3 .

Furthermore, gyr[u, v] turns out to be an automorphism of the relativistic groupoid (R^3_c , ⊕) in the following sense.

(1) A groupoid (R^3_c , ⊕) is a non-empty set R^3_c with a binary operation ⊕.

(2) An automorphism gyr[u, v], u, v ∈ R^3_c , of the groupoid (R^3_c , ⊕) is a bijective (one-to-one) selfmap of R^3_c that preserves its binary operation ⊕. Indeed, (i) we have

(gyr[u, v])^{−1} = gyr[v, u] (21)

where (gyr[u, v])^{−1} is the inverse of gyr[u, v], so that gyr[u, v] is bijective; and

(ii) we have

gyr[u, v](a⊕b) = gyr[u, v]a⊕gyr[u, v]b (22)

for all u, v, a, b ∈ R^3_c , so that gyr[u, v] preserves the Einstein addition ⊕ in the ball R^3_c of all relativistically admissible velocities.

The automorphism gyr[u, v], u, v ∈ R^3_c , is called a Thomas gyration. It is the Thomas gyration generated by u and v. The latter, in turn, is the mathematical abstraction of the relativistic effect known as the Thomas precession [22], as we will explain in Section VI.

Remarkably, Thomas gyration “repairs” the breakdown of commutativity and associativity in Einstein addition, giving rise to their following gyro-counterparts,

u⊕v = gyr[u, v](v⊕u) Gyrocommutative Law u⊕(v⊕w) = (u⊕v)⊕gyr[u, v]w Left Gyroassociative Law (u⊕v)⊕w = u⊕(v⊕gyr[v, u]w) Right Gyroassociative Law (23)

for all u, v, w ∈ R^3_c . The gyrocommutative and the gyroassociative laws of Einstein addition share obvious analogies with the common commutative and associative laws of vector addition, allowing the classical picture of velocity addition to be restored.

Moreover, Thomas gyration possesses the elegant left and right loop property

gyr[u⊕v, v] = gyr[u, v] Left Loop Property gyr[u, v⊕u] = gyr[u, v] Right Loop Property (24) for all u, v ∈ R^3_c . The loop property proves useful in (28) below and, more generally, in Ref. [5].

The identities in (19) – (24) are verified by lengthy but straightforward algebra that one can readily calculate by using a computer software for symbolic manipulation like MATHEMATICA or MAPLE. Hence, the task of proving these identities can be given to students as exercises. For students who wish to verify (21) we may note that the automorphism identity in (21) is equivalent to the vector identity

gyr[v, u]gyr[u, v]w = w (25)

in the ball of all relativistically admissible velocities R^3_c for all u, v, w∈R^3_c . A similar remark applies to the identities in (24) as well. For instance, to verify the first identity in (24), which is an identity between maps, one has to verify the identity

gyr[u⊕v, v]w = gyr[u, v]w (26)

in the ball R^3_c , for all u, v, w ∈ R^3_c , which is an identity between vectors. Noting the definition of ⊕ and gyr in (3) and (13), one can verify (26) by straightforward algebra with the help of a computer software for symbolic manipulation.

The prefix “gyro” that stems from Thomas gyration is extensively used to emphasize analogies with classical terms as, for instance, gyrocommutative, gyroassociative binary operations in gyrogroups [23], and gyrovector spaces [5, 24]; see fn. 36 in Ref. [20]. The history of the use of the resulting notion of the gyrogroup in relativity physics is presented on pp. 141 – 142 of Ref. [10].

We can now harness the Thomas precession for work in relativity physics as well as in hyperbolic geometry, as the following illustrative example of solving the equation

x⊕a = b (27)

for Einsteinian velocities demonstrates.

Assuming that x satisfies (27), we wish to solve this equation for the unknown x and any given relativistically admissible velocities a and b. Employing the left gyroassociative law and the left loop property in (23) – (24), we have the chain of equations

x = x⊕0

= x⊕(a⊖a) = (x⊕a)⊕gyr[x, a](⊖a) = (x⊕a)⊖gyr[x, a]a = (x⊕a)⊖gyr[x⊕a, a]a = b⊖gyr[b, a]a

(28)

thus verifying that the solution of the equation x⊕a = b in the ball R^3_c of Einsteinian velocities is the velocity x = b⊖gyr[b, a]a in the ball. Remarkably, the solution involves a Thomas precession.

In a similar way, also the equation

a⊕x = b (29)

can be solved in R^3_c for the unknown x and any given a, b∈R^3_c . Assuming that x satisfies (29), and employing the right gyroassociative law and (18), we have the chain of equations

x = 0⊕x

= (⊖a⊕a)⊕x = ⊖a⊕(a⊕gyr[a, ⊖a]x) = ⊖a⊕(a⊕x) = ⊖a⊕b (30)

thus verifying that the solution of the equation a⊕x = b in R^3_c is the velocity x = ⊖a⊕b. Unlike (28), the solution in (30) does not involve a Thomas precession.

Being able to solve the relativistic velocity equations (27) and (29) in (28) and (30), astronauts who want to journey around the universe can now manipulate relativistic velocities in a way fully analogous to the manipulation of Newtonian velocities.

Guided by analogies with classical results, the solution (30) of the equation in (29) seems more “natural” than the solution (28) of the equation in (27). It will prove useful to make the solution (28) appear “natural” as well. For this purpose we define the “Einstein coaddition” (or, dual addition) ⊞ by the equation

a ⊞ b = a⊕gyr[a, ⊖b]b (31)

Then, if we use the notation a ⊟ b = a ⊞ (⊖b), we have the following desired result,

a ⊟ b = a ⊞ (⊖b)

= a⊕gyr[a, b](⊖b) = a⊕(⊖gyr[a, b]b) = a⊖gyr[a, b]b

(32)

allowing the solution (28) of the relativistic velocity equation in (27) to be written as

x = b⊖gyr[b, a]a = b ⊟ a (33)

which now shares a notational analogy with its classical counterpart.

Unexpected elegant analogies to which the Einstein coaddition gives rise will be uncovered in (50), (54) – (55) and in (96) – (97). The mathematical beauty that Einstein coaddition introduces is revealed by the duality symmetries that it captures, like the one exhibited in the following pair of identities,

a ⊞ b = a⊕gyr[a, ⊖b]b a⊕b = a ⊞ gyr[a, b]b

(34)

for all a, b∈R^3_c . This and other duality symmetries that stem from Einstein coaddition are presented in Ref. [5].

VI. THOMAS PRECESSION

In this section we present the Thomas precession of special relativity, and explain why the mathematical object called “Thomas gyration” that we presented in Section V is realized experimentally by the Thomas precession of special relativity.

Owing to the gyrocommutative law in (23), Thomas gyration is recognized as the familiar Thomas precession, since the gyrocommutative law was already known to Silberstein in 1914 in the following sense [19]. The Thomas precession generated by u, v∈R^3_c is the unique rotation that takes v⊕u into u⊕v about an axis perpendicular to the plane of u and v through an angle < π [18], as explained below (11). Obviously, Silberstein did not use the terms “Thomas precession” and “gyrocommutative law” which have been coined later, respectively, following Thomas’ 1926 paper [25], and in 1991 [23].

An excellent description of the 3-space rotation, which since 1926 is named after Thomas, is found in Silberstein’s 1914 book, Ref. [19]. In 1914 the Thomas precession did not have a name, and Silberstein called it in his 1914 book a “certain space-rotation” (p. 169 in Ref. [19]). An early study of the Thomas rotation, made by the famous mathematician Emile Borel in 1913, is described in his 1914 book, Ref. [26], and more recently, in Ref. [27]. According to Belloni and Reina [28], Sommerfeld’s route to the Thomas precession dates back to 1909. The only knowledge Thomas had in 1925 about the peculiar relativistic gyroscopic precession, however, came from De Sitter’s formula describing the relativistic corrections for the motion of the moon, found in Eddington’s book [29], which was just published at that time [5].

The physical significance of the peculiar rotation in special relativity emerged in 1925 when Thomas relativistically re-computed the precessional frequency of the doublet separation in the fine structure of the atom, and thus rectified a missing factor of 1/2. This correction has come to be known as the Thomas half. Thomas’ discovery of the relativistic precession of the electron spin on Christmas 1925 thus led to the understanding of the significance of the relativistic effect which became known as the Thomas precession. Llewellyn Hilleth Thomas died in Raleigh, NC, on April 20, 1992. A paper dedicated to the centenary of the birth of Llewellyn H. Thomas (1902 – 1992) has recently appeared [30].

Once identified as gyr[u, v], it is clear from its definition in (13) that Thomas precession owes its existence solely to the nonassociativity of Einstein addition of Einsteinian velocities. Accordingly, Thomas precession has no classical counterpart since the addition of Newtonian velocities is associative.

Physics students are commonly taught that special relativistic effects are negligible when the velocities involved are much less than the vacuum speed of light c. Yet, Thomas precession effect in the orbital motion of spinning electrons in atoms is clearly observed in resulting spectral lines despite the speed of electrons in atoms being small compared with the speed of light. One may, therefore, ask whether it is possible to furnish a classical background to Thomas precession [31]. It is therefore important to realize that Thomas precession has no echo in classical mechanics since the addition of Newtonian velocities is associative.

VII. THE RELATIVISTIC GYROVECTOR SPACE

Modeled on Einstein’s relativistic velocity groupoid (R^3_c , ⊕) and guided by analogies with group theory, the definition of the abstract gyrogroup and the resulting theory of gyrogroups and gyrovector spaces are presented in Ref. [5]. Einstein addition admits scalar multiplication ⊗ turning the Einsteinian velocity gyrogroup (R^3_c , ⊕) into a gyrovector space (R^3_c , ⊕, ⊗) in the same way that the common vector addition admits scalar multiplication that turns the Newtonian velocity group (R^3 , +) into the vector space (R^3 , +, ·). Hence, by analogy, in the same way that we may consider (R^3 , +, ·) as a Newtonian velocity vector space, we consider (R^3_c , ⊕, ⊗) as an Einsteinian velocity gyrovector space.

The Einstein scalar multiplication that Einstein addition admits is given by the equation r⊗v = c (1 + ‖v‖/c)^r − (1 − ‖v‖/c)^r (1 + ‖v‖/c)^r + (1 − ‖v‖/c)^r v ‖v‖ = c tanh ( r tanh^{−1} ‖v‖ c ) v ‖v‖ (35)

where r is any real number, r ∈ R, v ∈ R^3_c , v ≠ 0, and r⊗0 = 0, and with which we use the notation v⊗r = r⊗v. Einstein addition and scalar multiplication possess the following properties. For any positive integer n, and for all real numbers r, r_1 , r_2 ∈ R and admissible velocities v ∈ R^3_c ,

n⊗v = v⊕ . . . ⊕v n terms

(r_1 + r_2 )⊗v = r_1 ⊗v⊕r_2 ⊗v Scalar Distributive Law

(r_1 r_2 )⊗v = r_1 ⊗(r_2 ⊗v) Scalar Associative Law

We may note that, unlike vector spaces, the Einstein gyrovector space does not possess a distributive law since, in general, r⊗(u⊕v) ≠ r⊗u⊕r⊗v (36) for r∈R and u, v∈R^3_c .

As an example, the Einstein half is given by the equation 1 2 ⊗v = γ_v 1 + γ_v v (37) so that, accordingly,

2⊗(^1_2 ⊗v) = 2⊗ γ_v 1 + γ_v v

= γ_v 1 + γ_v v⊕ γ_v 1 + γ_v v = v

(38)

as expected from the scalar associative law of the Einstein gyrovector space.

Remarkably, the Einstein gyrovector space (R^3_c , ⊕, ⊗) of Einsteinian velocities with its hyperbolic distance function given by the equation

d_⊕(u, v) = ‖u⊖v‖ (39)

u, v∈R^3_c , forms the setting for the Beltrami ball model of 3-dimensional hyperbolic geometry just as the vector space (R^3 , +, ·) of Newtonian velocities with its Euclidean distance function

d_+(u, v) = ‖u − v‖ (40)

forms the setting for the standard model of 3-dimensional Euclidean geometry. Applications of gyrovector spaces in relativity physics and hyperbolic geometry are found in Ref. [5], and applications in quantum computation geometry are found in Refs. [24] and [30]. The connection between Einstein addition and the Beltrami ball model of 3-dimensional hyperbolic geometry has been noted by Fock on p. 39 of Ref. [21], and is demonstrated below, in (41) – (43), in a simple way.

To see the connection between Einstein addition and the Beltrami ball model of hyperbolic geometry we use the notation

ds^2 = ‖x⊖(x + dx)‖^2 (41)

describing the Riemannian line element ds^2 as the squared Einsteinian distance (39) between a point x∈R^3_c and its infinitesimally close neighboring point x+dx∈R^3_c . It links the Riemannian line element ds^2 with both (i) Einstein addition ⊕ and subtraction ⊖ and (ii) the Einstein hyperbolic distance function (39). In the two dimensional case we have x = (x_1, x_2) and dx = (dx_1, dx_2) in (41). Taylor series expansion of ds^2, viewed as a function of the two variables dx_1 and dx_2, about the origin (0, 0) gives

ds^2 = Edx^2_1 + 2F dx_1dx_2 + Gdx^2 + . . . (42)

where, if we use the notation r^2 = x^2_1 + x^2,

E = c^2 c^2 − x^2 (c^2 − r^2)^2

F = c^2 x_1x_2 (c^2 − r^2)^2

G = c^2 c^2 − x^2_1 (c^2 − r^2)^2

(43)

In differential geometry the functions E, F and G of (x_1, x_2) are known as the coefficients of the first fundamental form in the Cartesian coordinates (x_1, x_2); see p. 93 in Ref. [32].

The triple (g_{11}, g_{12}, g_{22}) = (E, F, G) with g_{21} = g_{12} is known in differential geometry as the metric tensor g_{ij} [33]. It turns out to be the metric tensor of the Beltrami disc model of hyperbolic geometry; see, for instance, p. 220 in Ref. [34]. Hence, ds^2 in (41) – (42) is the Riemannian line element of the Beltrami disc model of hyperbolic geometry, linked to Einstein addition (3) and to the Einstein hyperbolic distance function (39). More links between Einstein addition and the Beltrami model, as well as analogies with classical results will be uncovered in Section VIII.

VIII. HYPERBOLIC GEODESICS, MIDPOINTS AND ANGLES

As illustrative examples we present basic expressions in analytic hyperbolic geometry, (45) – (46) and (51), that shed light on the analogies that our approach in this article uncovers.

A point v in the Einstein gyrovector space (R^3_c , ⊕, ⊗) or the Einstein gyrovector plane (R^2_c , ⊕, ⊗), shown in Fig. 1, represents all the inertial frames Σ_v with relativistically admissible velocity v relative to the rest frame Σ_0. Accordingly, the relativistic velocity of frame Σ_v relative to frame Σ_u is ⊖u⊕v, and the relativistic velocity of frame Σ_u relative to frame Σ_v is ⊖v⊕u. Remarkably, these two Einsteinian reciprocal velocities are not reciprocal in the classical sense since they are related by the identity

⊖u⊕v = ⊖(u⊖v) = ⊖gyr[u, ⊖v](⊖v⊕u) (44)

that involves a Thomas precession. Identity (44) is obtained by employing the automorphic inverse property of Einstein addition, according to which ⊖(a⊕b) = ⊖a⊖b, and the gyrocommutative law. The classical counterpart of (44), −u + v = −(−v + u), is known as the principle of reciprocity.

Astrophysicists and space travelers who wish to measure angles between relativistic velocities must invoke the Einstein hyperbolic angle measure presented in (51) below and in Fig. 2.

For any points u, v∈R^3_c , and the real parameter t∈R that may represent “time”, −∞ < t < ∞, the curve u⊕(⊖u⊕v)⊗t (45) called a gyroline, traces a geodesic line in the Beltrami ball model of hyperbolic geometry, as shown in Fig. 1. It is the unique geodesic passing through the points u and v. It passes through the point u at “time” t = 0, and through the point v at “time” t = 1. Geodesics in the Beltrami ball model of hyperbolic geometry are the analog of straight lines in Euclidean geometry, representing

PSfrag replacements

FIG. 1: Points of the disc R^2_c ={v ∈R^2 : ‖v‖ < c} represent two-dimensional relativistically admissible velocities v relative to some inertial rest frame with velocity 0. The disc R^2_c is endowed with Einstein addition ⊕ and scalar multiplication ⊗, giving rise to the Einstein gyrovector disc (R^2_c , ⊕, ⊗), that turns out to be the Beltrami disc model of two-dimensional hyperbolic geometry. The geodesic segment joining the points u and v in the Einstein relativistic gyrovector disc (R^2_c , ⊕, ⊗) and the hyperbolic midpoint m^{hyperbolic}_{uv} between u and v are shown. The expressions that generate the geodesic segment and its midpoint exhibit analogies that (1i) the hyperbolic geodesic shares with (1ii) its Euclidean counterpart; that (2i) the hyperbolic midpoint shares with (2ii) its Euclidean counterpart; and, as we will see in Section IX, that (3i) the Einsteinian velocity interpretation of the hyperbolic midpoint as a relativistic center of momentum shares with (3ii) the Newtonian velocity interpretation of the Euclidean midpoint as a classical center of momentum.

paths that minimize arc lengths measured by the distance function (39). These geodesics are therefore also called gyrolines in order to emphasize analogies.

For t = 1/2 in (45) we have the hyperbolic midpoint m_{uv},

m_{uv} = u⊕(⊖u⊕v)⊗^1_2 (46)

satisfying

m_{uv} = m_{vu} (47) and d_⊕(u, m_{uv}) = d_⊕(v, m_{uv}) (48)

The mathematical proof of (47) – (48) is found in [5], where it is shown that the hyperbolic midpoint m_{uv} can also be written as

m_{uv} = γ_uu + γ_vv γ_u + γ_v

(49)

and as

m_{uv} =^1_2 ⊗(u ⊞ v) (50)

In Section IX we will uncover the relativistic mechanical interpretation of the hyperbolic midpoint m_{uv}, resulting in the emergence of a novel, elegant analogy that it shares with the Euclidean midpoint and its classical mechanical interpretation.

The extension of the analogy uncovered in (45) to angles is straightforward. For any points u, v, w ∈ R^3_c the hyperbolic angle α = ∠vuw, generated by the intersecting geodesics that respectively pass through the points u, v and u, w, and therefore intersect at the point u, is given by the equation

cos α = ⊖u⊕v ‖⊖u⊕v‖ · ⊖u⊕w ‖⊖u⊕w‖ (51)

shown in Fig. 2. Thus, for instance, the three hyperbolic angles of a hyperbolic triangle Δuvw, Fig. 4, are given in terms of Einstein addition and scalar product by the equations

cos α = ⊖u⊕v ‖⊖u⊕v‖ · ⊖u⊕w ‖⊖u⊕w‖ cos β = ⊖v⊕u ‖⊖v⊕u‖ · ⊖v⊕w ‖⊖v⊕w‖ cos γ = ⊖w⊕v ‖⊖w⊕u‖ · ⊖w⊕v ‖⊖w⊕v‖

(52)

As expected in hyperbolic geometry, the triangle angle sum is less than π,

α + β + γ < π (53)

Surprisingly, Thomas precession is able to “repair” the lack of equality in (53), as we will see in (54) – (55).

Fig. 2 shows three points, u, v, w, in the Einstein gyrovector plane (R^2_c , ⊕, ⊗). They represent three inertial frames, Σ_u, Σ_v, Σ_w, with relativistic velocities u, v, w relative to a rest frame Σ_0. The velocities of frames Σ_v and Σ_w relative to frame Σ_u are, respectively, ⊖u⊕v and ⊖u⊕w. Astrophysicists and space travelers who wish to measure the angle between these relative velocities will have to invoke the Einstein hyperbolic angle measure (51) shown in Figs. 2 and 3.

The Einstein hyperbolic angle measure (51) coincides with the common hyperbolic angle measure in the Beltrami ball model of hyperbolic geometry. To gain experience and confidence with the use of this angle measure students may be encouraged to corroborate numerically the Einstein hyperbolic sine rule shown in Fig. 3, which

PSfrag replacements

FIG. 2: The Einstein hyperbolic angle measure in an Einstein gyrovector space.

exhibit obvious analogies with its Euclidean counterpart. The mathematical proof of the Einstein hyperbolic sine rule is found in Ref. [5].

To see once more the mysterious ability of Thomas precession to capture analogies with classical results, we rewrite (52) with Einstein addition ⊕, (3), replaced by Einstein coaddition ⊞, (34), obtaining the following hyperbolic triangle coangles of the hyperbolic triangle Δuvw,

cos α^′ = ⊟u ⊞ v ‖ ⊟ u ⊞ v‖ · ⊟u ⊞ w ‖ ⊟ u ⊞ w‖ cos β^′ = ⊟v ⊞ u ‖ ⊟ v ⊞ u‖ · ⊟v ⊞ w ‖ ⊟ v ⊞ w‖ cos γ^′ = ⊟w ⊞ v ‖ ⊟ w ⊞ u‖ · ⊟w ⊞ v ‖ ⊟ w ⊞ v‖

(54)

where we use the notation ⊟u = −u, etc.

For pedagogical purposes students are encouraged to corroborate numerically the surprising result,

α^′ + β^′ + γ^′ = π (55)

for any hyperbolic triangle Δuvw in the Einstein gyrovector space (R^3_c , ⊕, ⊗). Identity (55) captures a most elegant analogy with Euclidean geometry, according to which the hyperbolic triangle coangle sum is always π. Interested readers may find the mathematical proof of (55) in [5]. Students who experience the validity of (55) by corroborating it numerically are likely to be impressed by the power and elegance that the relativistic effect of the Thomas precession stores.

PSfrag replacements

FIG. 3: The Einstein hyperbolic sine rule in an Einstein gyrovector space.

IX. THE EUCLIDEAN AND THE HYPERBOLIC MIDPOINT – NEWTONIAN AND EINSTEINIAN MECHANICAL INTERPRETATION

The Euclidean midpoint in Newtonian velocity spaces has the well-known classical mechanical interpretation as the center of momentum of two moving particles with equal masses [35], as we explain below. Similarly, we will show that the hyperbolic midpoint in Einsteinian velocity spaces has the relativistic mechanical interpretation as the center of relativistic momentum of two moving particles with equal relativistic rest masses, thus uncovering new analogies.

Let us consider two particles with equal masses m moving with Newtonian velocities u, v∈R^3 . Their respective momenta are mu and mv so that their classical center of momentum is c^{newtonian} uv = mu + mv m + m = u + v 2 (56)

It turns out that the Newtonian center of momentum (56) coincides with the Euclidean midpoint m^{euclidean} uv = u + v 2 (57)

of u, v∈R^3 . The Euclidean midpoint (57) thus has the Newtonian classical mechanical interpretation (56) as a center of momentum, m^{euclidean} uv = c^{newtonian} uv (58)

By analogy with (56) and (57) let us consider two particles with equal rest masses m moving with Einsteinian velocities u, v ∈R^3_c . Their respective momenta must be

PSfrag replacements

FIG. 4: The hyperbolic centroid m^{hyperbolic}_{uvw} = muvw of a hyperbolic triangle Δuvw in the Einsteinian velocity gyrovector space (R^2_c , ⊕, ⊗) coincides with the relativistic center of momentum of three massive objects with equal rest masses situated at the vertices u, v, and w, of the triangle Δuvw, as shown in (64). The analogous Newtonian counterpart is well known, and is obtained in the Newtonian limit, c → ∞.

relativistically corrected so that they are, respectively, mγ_uu and mγ_vv. Their center of momentum is, accordingly, c^{einsteinian} uv = mγ_u + mγ_vv mγ_u + mγ_v = γ_uu + γ_vv γ_u + γ_v

(59)

It turns out that the Einsteinian center of momentum (59) coincides with the hyperbolic midpoint (49), that is, m^{hyperbolic} uv = γ_uu + γ_vv γ_u + γ_v

(60)

of u, v∈R^3_c . The hyperbolic midpoint (60) thus has the Einsteinian relativistic mechanical interpretation (59) as a relativistic center of momentum, m^{hyperbolic} uv = c^{einsteinian} uv (61)

in full analogy with the Newtonian classical mechanical interpretation (56) of the Euclidean midpoint (57), presented in (58). The problem of understanding the relativistic center of momentum has long, checkered history described in Ref. [36].

In the analogy (58) ↔ (61) between the pairs (1) we have employed the hyperbolic geometry of Bolyai and

Lobachevski to improve our understanding of both the hyperbolic midpoint of the Beltrami model and the relativistic center of momentum of two particles in special relativity in terms of analogies they share with their respective classical counterparts.

In Fig. 4 we extend the observations made in Fig. 1 from two relativistically moving particles with equal rest masses to three. The three vertices of the hyperbolic triangle Δuvw in Fig. 4 represent three particles with equal rest masses m moving with relativistic velocities u, v, w ∈ R^3_c relative to some rest frame Σ_0. Relativistically corrected, the relativistic momenta of the three particles are, respectively, mγ_uu, mγ_vv, and mγ_ww, so that their relativistic center of momentum is c^{einsteinian} uvw = mγ_uu + mγ_vv + mγ_ww mγ_u + mγ_v + mγ_w = γ_uu + γ_vv + γ_ww

γ_u + γ_v + γ_w

(62)

This will turn out below to be the hyperbolic centroid m^{hyperbolic} uvw of the hyperbolic triangle Δuvw, Fig. 4, as well.

The geodesic segment in triangle Δuvw, Fig. 4, joining a midpoint of a side with its opposite vertex is called a median. As in Euclidean geometry, the three hyperbolic triangle medians are concurrent, the point of concurrency being the triangle centroid [37]. Fig. 4 shows that, as expected, the three medians of the hyperbolic triangle Δuvw are concurrent. The point of concurrency, m_{uvw} = m^{hyperbolic} uvw , is called the hyperbolic centroid of the hyperbolic triangle Δuvw. It can readily be calculated by elementary linear algebra, obtaining m^{hyperbolic} uvw = γ_uu + γ_vv + γ_ww γ_u + γ_v + γ_w

(63)

The task of verifying (63) from results shown in Fig. 4 can be given to students as a project in elementary linear algebra. Indeed, it is interesting to realize that geodesics in the Beltrami model are Euclidean straight lines, and midpoints and centroids in that model, like the ones in (60) and (63), introduce linear structure into hyperbolic geometry. This linear structure, in turn, allows some problems in hyperbolic geometry to be solved by methods of linear algebra.

Following (62) and (63) we have m^{hyperbolic} uvw = c^{einsteinian} uvw (64)

Eq. (64) extends the identity in (61) from a system of two particles with velocities u and v to a system of three particles with velocities u, v and w, demonstrating that the hyperbolic triangle centroid can be interpreted as a relativistic center of momentum of three moving particles with equal rest masses.

The Euclidean analog of (63) is clearly the Euclidean centroid m^{euclidean} uvw = u + v + w 3 (65)

PSfrag replacements

FIG. 5: The hyperbolic tetrahedron Δuvwx, called a gyrotetrahedron, is shown in the Einstein gyrovector space R^3_c = (R^3_c , ⊕, ⊗), underlying the Beltrami ball model of hyperbolic geometry, with vertices u, v, w, x ∈ R^3_c . The gyrotetrahedron Δuvwx is shown inside the c-ball R^3_c of the Euclidean 3-space R^3 where it lives. The faces of the gyrotetrahedron are gyrotriangles.

of the Euclidean triangle Δuvw.

Moreover, the Newtonian-classical analog of the Einsteinian-relativistic center of momentum (62) is the Newtonian center of momentum of three moving particles with equal masses, c^{newtonian} uvw = u + v + w 3 (66)

Hence, by (65) and (66), we have m^{euclidean} uvw = c^{newtonian} uvw (67)

thus obtaining the classical counterpart of (64). Eq. (67) demonstrates that the Euclidean triangle centroid can be interpreted as a classical center of momentum. The analogy (67) ↔ (64) extends the analogy (58) ↔ (61) between the pairs in (1) from a system of two particles to a system of three particles. Further extension to four particles is shown in Figs. 5 and 6. In these figures we see four particles with equal rest masses m, represented by the points u, v, w, x of the Einstein gyrovector space (R^3_c , ⊕, ⊗) of Einsteinian velocities. The four particles, accordingly, have the respective relativistic velocities u, v, w, and x. The relativistic center of momentum is given by the equa-

PSfrag replacements

FIG. 6: Shown are also the midpoints of the 6 sides and the centroids of the 4 faces. The gyroline joining a vertex of a gyrotetrahedron and the hyperbolic centroid, gyrocentroid, of the opposite face is called a gyrotetrahedron median. The four medians of the gyrotetrahedron Δuvwx, determined by the four indicated centroids, are concurrent. The point of concurrency is the gyrotetrahedron centroid muvwx given by (68).

tion c^{einsteinian} uvwx =

mγ_uu + mγ_vv + mγ_ww + mγ_xx mγ_u + mγ_v + mγ_w + mγ_x = γ_uu + γ_vv + γ_ww + γ_xx

γ_u + γ_v + γ_w + γ_x

(68)

and the hyperbolic centroid of the hyperbolic tetrahedron Δuvwx is m^{hyperbolic} uvwx =

γ_uu + γ_vv + γ_ww + γ_xx γ_u + γ_v + γ_w + γ_x

(69)

so that, Fig. 6, m^{hyperbolic} uvwx = c einsteinian uvwx (70)

Understanding the geometry that underlies (69) enables us to improve our understanding of the physics of the relativistic center of momentum (68). As an example illustrating the physical understanding that we gain from geometry, we note that it follows from the geometric significance of the hyperbolic triangle centroid that it remains invariant under the hyperbolic rigid motions, which are left gyrotranslations and rotations of the ball R^3_c . Let us therefore left gyrotranslate the points in (69) by ⊖y∈R^3_c , obtaining

⊖y⊕m^{hyperbolic} uvwx =

γ_{⊖y⊕u}(⊖y⊕u) + γ_{⊖y⊕v}(⊖y⊕v) + γ_{⊖y⊕w}(⊖y⊕w) + γ_{⊖y⊕x}(⊖y⊕x) γ_{⊖y⊕u} + γ_{⊖y⊕v} + γ_{⊖y⊕w} + γ_{⊖y⊕x}

(71)

Hence, by means of the equality (70) between hyperbolic triangle centroids and the relativistic center of momentum we have from (71),

⊖y⊕c^{hyperbolic} uvwx =

γ_{⊖y⊕u}(⊖y⊕u) + γ_{⊖y⊕v}(⊖y⊕v) + γ_{⊖y⊕w}(⊖y⊕w) + γ_{⊖y⊕x}(⊖y⊕x) γ_{⊖y⊕u} + γ_{⊖y⊕v} + γ_{⊖y⊕w} + γ_{⊖y⊕x}

(72)

Clearly, (68) gives the velocity of the relativistic center of momentum frame as measured by an observer who is at rest relative to the rest frame Σ_0 and, similarly, (72) gives the velocity of the same relativistic center of momentum frame, but as seen by an observer who is at rest relative to the inertial frame Σ_y. The relativistic center of momentum, as a result, is observer independent. The relativistic center of momentum is thus a useful example illustrating the improved understanding of relativity physics gained by hyperbolic geometry considerations.

The extension of the notion of the relativistic center of momentum to systems of any number of particles with rest masses that need not be equal is presented in Ref. [36]. Having the relativistic center of momentum and its harmonious interplay with hyperbolic geometry in hand, one can show that within the context of hyperbolic geometry the relativistic center of momentum is observer independent in the same way that the hyperbolic centroid of the hyperbolic tetrahedron (the gyrotetrahedron in Figs. 5 and 6) is invariant under the hyperbolic rigid motions (which are left gyrotranslations and rotations) of the hyperbolic tetrahedron.

Further study that uncovers the gyro-structure in some Lie groups and algebras, that could be useful in general relativity, is found in [38].

X. THE LORENTZ TRANSFORMATION AND ITS GYRO-ALGEBRA

The gyro-algebra of Thomas gyration captures analogies that the Lorentz transformation shares with its Galilean counterpart as well. These analogies can help students to extend their intuitive understanding of the Galilei transformation group to intuitive understanding of the Lorentz transformation group. It will be found in this section that in the context of hyperbolic geometry the Lorentz transformation appears as natural and intuitive as its Galilean counterpart appears in the context of Euclidean geometry.

Let (t, x)^t, where exponent t denotes transposition, be a spacetime event, x ∈ R^3 , t ∈ R^+ , R^+ being the positive ray of the real line, R^+ = {r ∈ R : r ≥ 0}. A Lorentz transformation of spacetime coordinates is a coordinate transformation that leaves the norm ‖ ‖ ‖ ( t x )‖ ‖ ‖ = √ t^2 − ‖x‖^2 c^2

(73)

of a spacetime event (t, x)^t invariant. A Lorentz transformation without rotation is known in the jargon as a boost. Let L(u) be a Lorentz boost parametrized by a relativistically admissible velocity u ∈ R^3_c . Its application to spacetime coordinates (t, x)^t = (t, vt)^t is given by the equation

L(u) ( t x ) = ( γ_u(t +^1_{c2} u·x)

(u⊕v)γ_u(1 +^1_{c2} u·v)t )

= γ_u(t +^1_{c2} u·x)

γ_uut + x +^1_{c2}^{γ2u}_{1+γu} (u·x)u

= ( t^′ x^′ )

(74)

leaving the spacetime norm (73) invariant, ‖ ‖ ‖ ‖ ( t x )‖ ‖ ‖ = ‖ ‖ ‖ ‖ ( t^′ x^′ )‖ ‖ ‖ (75)

The boost is a linear transformation of spacetime coordinates that has the matrix representation L_m(v) given by the equation [17, 39, 40],

L_m(v) = γ_v c^{−2}γ_vv_1 c^{−2}γ_vv_2 c^{−2}γ_vv_3

γ_vv_1 1 + c^{−2 γ2v}_{γv +1} v^2_1 c^{−2 γ2v}_{γv +1} v_1v_2 c^{−2 γ2v}_{γv +1} v_1v_3

γ_vv_2 c^{−2 γ2v}_{γv +1} v_1v_2 1 + c^{−2 γ2v}_{γv +1} v^2 c^{−2 γ2v}_{γv +1} v_2v_3

γ_vv_3 c^{−2 γ2v}_{γv +1} v_1v_3 c^{−2 γ2v}_{γv +1} v_2v_3 1 + c^{−2 γ2v}_{γv +1} v^2_3

(76)

so that

L(v) ( t x ) = L_m(v) t x_1 x_2 x_3 = t^′ x^′_1 x^′_2 x^′_3 = ( t^′ x^′_1 ) (77)

Here v = (v_1, v_2, v_3)^t ∈ R^3_c , x = (x_1, x_2, x_3)^t ∈ R^3 , x^′ = (x^′_1, x^′_2, x^′_3)^t ∈ R^3 , and t, t^′ ∈ R^+ .

In the Newtonian limit of large vacuum speed of light, c → ∞, the Lorentz boost L(v), (77), reduces to the Galilei boost G(v), v = (v_1, v_2, v_3) ∈ R^3 ,

G(v) ( t x ) = lim_{c→∞} L(v) ( t x )

= 1 0 0 0 v_1 1 0 0 v_2 0 1 0 v_3 0 0 1 t x_1 x_2 x_3

= t x_1 + v_1t x_2 + v_2t x_3 + v_3t

= ( t x + vt )

(78)

where x = (x_1, x_2, x_3)^t ∈ R^3 and t ∈ R^+ .

The composition of two Galilei boosts is equivalent to a single Galilei boost according to the equation

G(u)G(v) = G(u + v) (79)

as it is clear from (78).

The composition of Lorentz boosts is more complicated than that of Galilei boosts since, in general, the composition of two Lorentz boosts is not a boost but, rather, a boost preceded (or followed) by a space rotation that Thomas precession generates.

Let V ∈ SO(3) be a space rotation, and let E(V ) be the space rotation of a spacetime event, extended from V by the equation E(V ) ( t x ) = ( t V x ) (80) t ∈ R^+ , x ∈ R^3 . Similarly, let Gyr[u, v] be the space gyration of a spacetime event, extended from gyr[u, v] by the equation

Gyr[u, v] = E(gyr[u, v]) (81)

Then, the relativistic analog of (79) is [5],

L(u)L(v) = L(u⊕v)Gyr[u, v] = Gyr[u, v]L(v⊕u)

(82)

Hence, the composition of two successive Lorentz boosts, L(v) followed by L(u),

(1) is equivalent to a single boost, L(u⊕v), preceded by the Thomas gyration generated by u and v; and equally well, it (2) is equivalent to a single boost, L(v⊕u), followed by the Thomas gyration generated by v and u.

The Lorentz transformation L(v, V ) of spacetime events (t, x)^t ∈ R^+ ×R^3 is a boost preceded by a space rotation, L(v, V ) ( t x ) = L(v)E(V ) ( t x ) (83)

Hence, explicitly, the Lorentz transformation L(v, V ) takes the form L(v, V ) ( t x ) = γ_v(t +^1_{c2} v·V x)

γ_vvt + V x +^1_{c2}^{γ2v}_{1+γv} (v·V x)v

(84)

v∈R^3_c , V ∈SO(3), x∈R^3 , t∈R^+ , as we see from (74).

In the Newtonian limit of large vacuum speed of light, c → ∞, the Lorentz transformation L(v, V ) in (84) reduces to its Galilean counterpart G(v, V ), G(v, V ) ( t x ) = ( t vt + V x ) (85)

v ∈ R^3 , V ∈ SO(3), x ∈ R^3 , t ∈ R.

Clearly, the Lorentz transformation L(v, I) with no rotation, I being the identity element of SO(3), is a Lorentz boost,

L(v, I) = L(v) (86) for all v ∈ R^3_c , shown in (77). Similarly, for all v ∈ R^3

G(v, I) = G(v) (87)

is a Galilei boost, shown in (78).

The composition of two Galilei transformations is given by parameters composition according to the equation

G(u, U)G(v, V ) = G(u + Uv, UV ) (88)

where u, v ∈ R^3 , and U, V ∈ SO(n).

In full analogy, the composition of two Lorentz transformations is given by parameters composition according to the equation [5],

L(u, U)L(v, V ) = L(u⊕Uv, gyr[u, Uv]UV ) (89)

where u, v ∈ R^3_c , and U, V ∈ SO(3).

The Galilei transformation composition law (88) is obvious and well known in the literature. In contrast, the Lorentz transformation composition law (89) is a new result that follows from gyrogroup-theoretic considerations [5, 40–42]. Its usefulness stems from the analogies that it shares with its Galilean counterpart (88).

The Lorentz transformations (84) form a subgroup of the so called full Lorentz group. This subgroup is known as the homogeneous, proper, orthochronous Lorentz group SO(3, 1). It is:

(1) homogeneous, since each of its elements is a Lorentz transformation that takes the origin of spacetime coordinates into an origin of spacetime coordinates; it is

(2) proper, since each of its elements is a Lorentz transformation that is continuously connected to the identity transformation of spacetime; and it is

(3) orthochronous, since each of its elements is a Lorentz transformation that preserves the sign of time, that is, it takes positive (negative) time into positive (negative) time.

Identity (89) is thus the group operation of the homogeneous, proper, orthochronous Lorentz group SO(3, 1). Let ( t ut ) and ( t^′ vt^′ ) (90)

be two Galilean spacetime events, u, v ∈ R^3 , and t, t^′ ∈ R, with equal time components,

t = t^′ (91)

Then, the unique Galilei transformation without rotation (boost) that links the two spacetime events in (90) – (91) has the velocity parameter v − u, satisfying

G(v − u) ( t ut ) = ( t^′ vt^′ ) (92) as one can readily see from (78). We call (92) a Galilei link.

In the analogous relativistic link, the Galilean negative velocity addition, −, in (92) becomes the Einstein negative coaddition, ⊟, in (32), as we will see in (95) below. Let ( t ut ) and ( t^′ vt^′ ) (93)

be two relativistic spacetime events, u, v ∈ R^3_c , and t, t^′ ∈ R^+ , with equal spacetime norms, t^′ √ 1 − ‖v‖^2 c^2 = t √ 1 − ‖u‖^2 c^2

(94)

Then, the unique Lorentz transformation without rotation (boost) that links the two spacetime events in (93) – (94) has the velocity parameter v ⊟ u, satisfying

L(v ⊟ u) ( t ut ) = ( t^′ vt^′ ) (95)

as we see from pp. 343 – 348 in Ref. [5].

We call (95) a Lorentz link. The analogies that the Lorentz link (95) shares with the Galilean link (92) are obvious. Remarkably, the analogies that the Lorentz and the Galilei links share are uncovered in terms of Einstein coaddition rather than Einstein addition. This observation demonstrates that in order to capture analogies that Einsteinian velocities share with Newtonian velocities the two mutually dual Einstein additions, ⊕ and ⊞, must be invoked.

Furthermore, the most general Galilei transformation that links the simultaneous spacetime events in (90) – (91) is G(v − Ru, R), satisfying G(v − Ru, R) ( t ut ) = ( t^′ vt^′ ) (96)

for all u, v ∈ R^3 , and t, t^′ ∈ R, where R ∈ SO(3) is a free rotation parameter. Identity (96) reduces to (92) when the rotation R vanishes, that is, when R reduces to the identity map I.

In full analogy, the most general homogeneous, proper, orthochronous Lorentz transformation that links the equinorm spacetime events in (93) – (94) is L(v ⊟ Ru, R) satisfying [5, 42, 43], L(v ⊟ Ru, R) ( t ut ) = ( t^′ vt^′ ) (97)

for all u, v ∈ R^3_c , and t, t^′ ∈ R^+ , where R ∈ SO(3) is a free rotation parameter.

Historically, until recently [44], the problem of determining Lorentz links between given spacetime events was only partially solved by several explorers, as evidenced from Ref. [45].

[1] C. Criado and N. Alamo, Amer. J. Phys. 69, 306 (2001). [2] C. Criado and N. Alamo, Found. Phys. Lett. 15, 345 (2002), ISSN 0894-9875.

[3] J. P. Costella, B. H. McKellar, A. A. Rawlinson, and G. J. Stephenson, Amer. J. Phys. 69, 837 (2001).

[4] K. Rebilas, Amer. J. Phys. 70 (2002).

[5] A. A. Ungar, Beyond the Einstein Addition Law and its Gyroscopic Thomas Precession: The Theory of Gyrogroups and Gyrovector Spaces (Kluwer Acad. Publ., Dordrecht, Boston, London, 2001).

[6] C. G. Adler, Amer. J. Phys. 55, 739 (1987). [7] R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman lectures on physics (Addison-Wesley Publishing Co., Inc., Reading, Mass.-London, 1964).

[8] A. Einstein, Ann. Physik (Leipzig) 17, 891 (1905). [9] A. Einstein, Einstein’s Miraculous Years: Five Papers that Changed the Face of Physics (Princeton, Princeton, NJ, 1998), edited and introduced by John Stachel. Includes bibliographical references. Einstein’s dissertation on the determination of molecular dimensions – Einstein on Brownian motion – Einstein on the theory of relativity – Einstein’s early work on the quantum hypothesis. A new English translation of Einstein’s 1905 paper on pp. 123–160.

[10] R. U. Sexl and H. K. Urbantke, Relativity, groups, particles (Springer-Verlag, Vienna, 2001), ISBN 3-211-83443- 5, special relativity and relativistic symmetry in field and particle physics, Revised and translated from the third German (1992) edition by Urbantke.

[11] A. Sommerfeld, Physikalische Zeitschrift 10, 826 (1909). [12] V. Varičak, Physikalische Zeitschrift 11, 93 (1910). [13] J.-M. Levy-Leblond, Amer. J. Phys. 47, 1045 (1979). [14] J. F. Barrett, Special relativity and hyperbolic geometry (Univ. Sunderland, Sunderland, UK, 1998), physical Interpretations of Relativity Theory. Proceedings, London, UK, 11–14 Sept. 1998.

[15] B. A. Rosenfeld, A history of non-Euclidean geometry (Springer-Verlag, New York, 1988), ISBN 0-387-96458-4, evolution of the concept of a geometric space, Translated from the Russian by Abe Shenitzer.

[16] J. F. Barrett, in Constantin Carathéodory in his . . . origins (Vissa-Orestiada, 2000) (Hadronic Press, Palm Harbor, FL, 2001), pp. 81–90.

[17] A. A. Ungar, Found. Phys. Lett. 1, 57 (1988), ISSN 0894- 9875.

[18] C. I. Mocanu, Found. Phys. Lett. 5, 443 (1992), ISSN 0894-9875.

[19] L. Silberstein, The Theory of Relativity (MacMillan, London, 1914).

[20] A. A. Ungar, Amer. J. Phys. 59, 824 (1991), ISSN 0002- 9505.

[21] V. Fock, The theory of space, time and gravitation (The Macmillan Co., New York, 1964), second revised edition.

Translated from the Russian by N. Kemmer. A Pergamon Press Book.

[22] J. D. Jackson, Classical electrodynamics (John Wiley & Sons Inc., New York, 1975), 2nd ed.

[23] A. A. Ungar, Found. Phys. 27, 881 (1997), ISSN 0015- 9018.

[24] A. A. Ungar, Found. Phys. 32, 1671 (2002). [25] L. H. Thomas, Nature 117, 514 (1926).

[26] E. Borel, Introduction Géométrique a Quelques Théories Physiques (Gauthier-Villars, Paris, 1914).

[27] J. Stachel, in Twentieth century physics. Vol. I (Published jointly by the Institute of Physics Publishing, Bristol, 1995), pp. 249–356, ISBN 1-56396-314-0, eds: Brown, Laurie M. and Pais, Abraham and Pippard, Brian.

[28] L. Belloni and C. Reina, European J. Phys. 7, 55 (1986). [29] A. S. Eddington, The Mathematical Theory of Relativity (Cambridge, 1924).

[30] J.-L. Chen and A. A. Ungar, Found. Phys. 32, 531 (2002), ISSN 0015-9018.

[31] P. K. MacKeown, Amer. J. Phys. 65, 105 (1997). [32] M. P. d. Carmo, Differential geometry of curves and surfaces (Prentice-Hall, 1976).

[33] E. Kreyszig, Differential geometry (Dover Publications Inc., New York, 1991), ISBN 0-486-66721-9, reprint of the 1963 edition.

[34] J. McCleary, Geometry from a differentiable viewpoint (Cambridge University Press, Cambridge, 1994), ISBN 0-521-41430-X; 0-521-42480-1.

[35] M. Hausner, A vector space approach to geometry (Dover Publications Inc., Mineola, NY, 1998), ISBN 0-486- 40452-8, reprint of the 1965 original.

[36] A. A. Ungar, Found. Phys. Lett. 16, 1 (2003). [37] M. J. Greenberg, Euclidean and non-Euclidean geometries (W. H. Freeman and Company, New York, 1993), 3rd ed., ISBN 0-7167-2446-4, development and history.

[38] A. K. Kasparian and A. A. Ungar, Lie gyrovector spaces, J. Geom. Symm. Phys., in print.

[39] C. Møller, The theory of relativity (Oxford, at the Clarendon Press, 1952).

[40] A. A. Ungar, in Themistocles M. Rassias (ed.): Constantin Carathéodory: an international tribute, Vol. I, II (World Sci. Publishing, Teaneck, NJ, 1991), pp. 1378– 1392.

[41] A. A. Ungar, Found. Phys. 21, 569 (1991), ISSN 0015- 9018.

[42] A. A. Ungar, Amer. J. Phys. 60, 815 (1992), ISSN 0002- 9505.

[43] A. A. Ungar, J. Math. Phys. 33, 84 (1992), ISSN 0022- 2488.

[44] H. Urbantke, Found. Phys. Lett. (2003), in print. [45] C. B. van Wyk, J. Math. Phys. 27, 1311 (1986), ISSN 0022-2488.