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ABSTRACT. This is an abstract.

1. INTRODUCTION

Throughout this paper, we define G to be a locally compact group with (left)
Haar measure A(If G is compact, we assume the Haar measure is normalized, so that
AMG) = 1.). We denote by C(G) the collection of all continuous, complex-valued
functions on G, and by Cyo(G) the collection of all continuous, complex-valued
functions on G with support contained in a compact set. Additionally, we denote
by Co(G) the collection of all continuous, complex-valued functions on G which
become arbitrarily small outside a compact set, i.e. given € > 0, there exists a
compact set C' C G such that |f(x)| < € for all x ¢ C. For any linear space F
of complex-valued functions on G, we denote by F" and FT the collection of all
real-valued functions and positive functions in F, respectively. Additionally, we
use F* to denote the dual space of F. We denote by M(G) the collection of all
complex measures on G.

1.1. Basic Definitions and Facts.

Definition 1. Let F be a linear space of complex-valued functions on G such that
for every f € F, the function x — f(a='z) (x — f(za™!))isin F for all a € G.
Then F is called left translation invariant (right translation invariant). For
any fixed a € G, we define the operators
L(a) : f— L(a)f, where L(a)f:z+ f(a 'z);
R(a): f — R(a)f, where R(a)f:x— f(za™').
Given a € G, the function L(a) : f — L(a)f (R(a) : f — R(a)f) are linear
operators on any left (right) translation invariant space F. The left regular rep-
resentation L and right regular representation R on G are defined respectively
by
L:aw L(a), where L(a): f+ L(a)f;
R:aw~ R(a), where R(a): f— R(a)f.
Fact 2. The left and right regular representations are representations of G. The
spaces C(G), Coo(G), and Cy(G) are left and right translation invariant.
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Definition 3. Let p € M(G) and f € L,(G) for 1 < p < co. We define the
convolution of i and f by

= / fly~ z)du(y).
G

The convolution of two measures u, v € M(G), is the measure p * v defined by
prr®) = [ [ tetey)avy)duta)
agJa
for all Borel sets E.

Fact 4. If p € M(G) and f € L,(G) for 1 < p < oo, then p* f € L,. For any
a € G, 0.+ f = La)f. If dv = fd\, then using Fubini’s theorem and the left

translation invariance of A,

u*V(E)=//1E(1‘y) y)dydp(z //IE (z ™ y)dydp(x)
= [ [ wdutern = [ sy

Thus d(p * v) = p* fdA.

Definition 5. A bounded, continuous function f is (weakly) almost periodic if
the set {L(a)f : a € G} is (weakly) conditionally compact in C(G). The collection
of all (weakly) almost periodic functions is denoted by (WAP(G)) AP(G).

Definition 6. A sequence {u,}52 ; converges weakly to invariance if for every
f € C(G) and t € G, we have

(1) / Fl@™h) = fla™ ) dpn (@) = (1 * F)(€) = (pn * L(t) f)(e) = 0.
A sequence is ergodic if for every f € Li(G), and every t € G, we have
@) Tim (= (F = L) =0.

Example 7. Let ;1 € M(G) and define {p1}72, C M(G) by p1 = p and pgy1 =
p py for k> 1. Let f € Lo(G). In general, the sequence of functions {py * f}72,
does not converge either pointwise or in Ly(G). As an example, let G be a finite
group and let S be a symmetric set of generators for G. The Haar measure A on G
is the normalized counting measure. Define a measure p(A) = A(ANS)/A(A) for
all subsets A C G. Then p is a probability measure on G. If e € S, then

1
Mk*f*@

in Ly(G) for all functions f : G — C. To see this, let f : G — C and let G
represent the dual of G. For every equivalence class of representations o € G, fix
a representation m, € o with corresponding representation space H, of dimension
d, and let {ffg)};lgl be a fixed basis of H,. Define 7r§;-7) to be the coordinate map

wfja)(a;) = <7rg(x)§f"),§§")>. Then f € L2(G) and Peter-Weyl theorem tells us that
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for some complex numbers fi(;-f) € C satisfying
do
— } : E : (0)2
||f||2 = |fz] |

ceGhi=1
Since

8 * 775;) (x) = Z 71'(0) 7Tk] (ac)

It follows that

(n N /fdA—ZZf” Vi ¥ AT

ce@Ghi=1 SGS\{e}k 1
19 Jdo @) (4 18l
+ Z @ 7 ( ~ Tl Z
ce@Ghj=1

Therefore
06 o) 11 (G ) e+ (57~ )
6o @ = [ an] < (Bl uste+ (S ) 191+ (757 - 7 ) 141

In particular, it follows that the sequence{ s }72 , is ergodic and converges weakly
to invariance.

If e ¢ S, then this is not necessarily the case. In particular, if G = Sg and S
consists of all two-cycles of G, then py * 1¢.y does not converge. Instead, it cycles
through a finite number of values. I do think it turns out to be ergodic, however.
Details still need to be worked out.
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