INTRODUCTION TO SPECTRAL THEORY

WILLIAM CASPER

ABSTRACT. This is an abstract.

1. INTRODUCTION

Throughout this paper, we let H denote a Hilbert space, X a measureable space
and ) a o-algebra of subsets of X. By an operator T on H we will always mean a
linear transformation such that the operator norm

T := sup{[| T - ¢ € H, [[4]| =1}

is finite. An operator will be called invertible if it has an algebraic inverse 7!
which is also an operator on H.

1.1. Basic Definitions and Facts.

Definition 1.1. The spectrum of a linear operator T' on H is

(1) spec(T) ={A € C:T — X\ is not invertible. }.
The approximate point spectrum of T is
(2)

aspec(T) ={A € C: o(T —X) =0}, where o(T)=inf{||T¥| :¢ € H, ||¢| =1}
Theorem 1.1. aspec(T) C spec(T).
Theorem 1.2. If T is a normal operator, then aspec(T') = spec(T).

Theorem 1.3 (Transforms of Spectra).
(i) If p € Cx], then
spec(p(T)) = p(spec(T)) := {p(A) : A € spec(T)}.
(ii) If T is invertible, then
spec(T™1) = (spec(T)) ™! := {A~': X € spec(T)}.
(iii) The spectrum of the adjoint of T" satisfies
spec(T™) = (spec(T))* := {\* : X € spec(T)}.
Theorem 1.4. Define
(3) Ny (f) = sup{|f(N)] : A € spec(T)}.

In general, spec(T') is a compact subset of the complex plane and Nr(x) < ||T|.
If T is Hermitian, then spec(T) is a subset of R and Nr(p(x)) = ||p(T)|| for any
polynomial p € R[z].
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2. SPECTRAL MEASURES

Definition 2.1. A spectral measure F on a measureable space (X,Q) is a
projection-valued (idempotent, hermitian) set function

E : Q — { projections on H}

satisfying

(i) BE(X)=1;
(ii) for any collection of pairwise disjoint sets {Ax}32 ,

E (U Ak> = ZE(Ak).
k=1 k=1

Theorem 2.1 (Properties of Spectral measures). If E is a spectral measure, then
for all A,B € Q

(i) if A C B, then E(A) < E(B);
(i) if A C B, then E(B\ A) = E(B) — E(A);
(ii) F(AUB)+ E(ANB) = E(A) + E(B);
(iv) E(ANB) = E(A)E(B).

Theorem 2.2. A function
E : Q — { projections on H}

is a spectral measure if and only if
(i) BE(X)=1;
(ii) for any two fixed elements ¢, ¢ € H,the function p: Q@ — C defined by
w(A) = (E(A)Y,¢) forall AeQ

is a complex measure. We use the notation d{E(\)y, ¢) = du(N) so that in
general

/1Ad<E(>\)w,¢>> = (B(A)y,¢) forall Aeq.

Theorem 2.3. If F is a spectral measure and f is an E-measureable function,
then there exists a unique operator denoted by either [ fdE or [ f(A)dE()) and
defined as

(1) < [ sazs. ¢>> [ 1aE0s.6),

Theorem 2.4 (Properties of [ fdE). Given any E-measureable functions f, g and
aeC,

(i) [(af)dE =a [ fdE;

1)ff+ng [ fdE + [ gdE;

(iii) (fde) = [ f*dE;

(v) [ fgdE = ([ fdE) (J fdE).

Theorem 2.5. If F is a spectral measure and E(A) commutes with T for every
A€ Q, then [ fdE commutes with T'.
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3. COMPLEX SPECTRAL MEASURES

For the remainder of the paper, we assume that X is a locally compact Hausdorff
space and that §2 is the Borel o-algebra on X.

Definition 3.1. A spectral measure is regular if for all A € ),
E(A)=sup{E(C):C C A, C is compact }.
Definition 3.2. The spectrum of a spectral measure is
spec(E) :=X\{ e X: A€ A, A isopen, E(A)=0}.
A spectral measure is compact if its spectrum is compact.

Theorem 3.1. If E is a regular spectral measure, then spec(E) is closed and
E(X \spec(F)) =0 (and therefore E(spec(E)) = 1).

Theorem 3.2. For any complex-valued, E-measureable function bounded on spec(FE),
define

Ng(f) = sup{|f(A)| : A € spec(E)}.
Then if E is a compact, regular spectral measure and f is a continuous function on
X, then || [ fdE|| = Ne(/).
Definition 3.3. A spectral measure is called complex when X = C.

Theorem 3.3. Every complex spectral measure is regular.

Theorem 3.4. If E is a compact, complex spectral measure and if T = [ AdE()),
then spec(T") = spec(E).

Theorem 3.5. A complex spectral measure is defined completely by the operator
JAAE(X). That is, given two complex spectral measures Eq and E», Ey = Es if
and only if [AdE;(A\) = [ AdE2()).

Theorem 3.6. Let F be a complex spectral measure and T an operator. Then T
commutes with E(A) for all A € Q if and only if T commutes with both [ AdE(\)
and [ A*dE(\).

4. THE SPECTRAL THEOREM

Theorem 4.1 (Spectral Theorem for Hermitian Operators). Let T' be a Hermitian
operator. Then there exists a unique compact, complex spectral measure E such
that T = [ AE(N).

Theorem 4.2 (Spectral Theorem for Normal Operators). Let T be a normal op-
erator. Then there exists a unique compact, complex spectral measure E such that

T = [ AE(N).

Definition 4.1. For any normal operator T', we call the spectral measure F satis-
fying T = [ AdE(\) the spectral measure of 7.
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APPENDIX A. APPLICATIONS OF THE SPECTRAL THEOREM

A.1. Weak Mixing. As a first example application of the spectral theorem, we
will use it to show that a measure-preserving transformation 7" is weak mixing when
the only eigenfunctions of the unitary operator Ur defined by Ur f(x) = f(Tz) are
the constants.

Definition A.1. Let (X, €, 1) be a probability space and T a measure preserving
transformation (mpt) on X (u(A) = u(T-1(A)) for all A € Q). Then T is called
weakly mixing if

n—1
. 1
(5) Jim = 7 {p(T(AN B) = p(A)u(B)| — 0
for all A, B € Q.

Theorem A.1. A mpt T is weakly mixing if the only measureable eigenfunctions
of Ur are the constants.

Proof. We first note that 7" is weakly mixing if and only if

i
L

(6) lim © 3" (UEf.g) — (. 1)(Lg)| — 0

n—oo N
0

=~
Il

for all f,g € La(p).
Let V be the closed linear subspace of the eigenfunctions of T in Lo(u) and let
E be the spectral measure of T. Then for any A\g € spec(Ur), we have that

UrB(o}) = [ MEQ) [ 1, 0EW) = [ ALy (VEED) = eE({Aa)),

so that in particular UpE({\o})f = Aof for every f € La(p). Thus E({\o})f €V
for all f € Ly(p). If f € V*, this implies that

0= (E({2o})f. f) = (E{Xo})?f. f) = (E(ho})f E{o}) ),

and therefore E({\o})f =

Now fix an f € V+ and g € Lo(u) and define p to be the complex Borel measure
on the spectrum of T satisfying du = d(E(X)f,g). Then for all Ay € spec(T), we
have that

n({Ao}) = (E{A}f,9) =0
Setting A = {(\,w) € spec(Ur) x spec(Ur) : A = w}, we find

n—1 —

%ZI(Uq@f,gW:%Z ([ MaEs.9 ZIA’“/ i
k=0 k=0

n

L5 | [ Aedup Z/Akdu / e ()
k=0
//Aw @) = [ 1 ZAw Al 1))
-+ d(uxu*)(x,wH/Ald(uxu*)(A,m.

3

>_-

1%
n
k=0

) 1—
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Additionally,
/A (% 1) (A w) = / / 1a (0 w)du(N)dp® () = / i({w})du* () = 0.
)/

For (A\,w) ¢ A, (1 — (M\w)*)/(1 — A\®) is a cyclotomic polynomial, and is therefore
bounded on the compact set spec(Ur). Thus by the bounded convergence theorem
_(\=\k
lim 11=0ef ()\ui)
n—oo faem 1—Aw
We conclude that

e i) vw) = [ 0dlp x Y w) = 0.

n—1
lim —Z| Urf, )

n—oo N

By the Cauchy-Schwartz inequahty,

n—1 2 -
(Z U+ 9) ) Z (U£f,9)
k=0 k=0

Dividing both sides by n?, we find

1 n—1 1 n—1
(n > (UL 9) ) <= Z (UL f, ),
k=0

and therefore

n—1
1 )
nlggog’;)HUTf,gH =

Now for any f,g € Lo(G), if the eigenfunctions of Ur are the constants, f —
(f,1) € V+. Therefore

n—1 n—1
Jim L STUUR(T -~ (£,1),0)] = Jim T > 1UE = (1))
k=0 =
ZnIgglogZI Uff,9) = (£, 1){L )| = 0.
Therefore T' is weakly mixing. ([l

A.2. Almost Periodic Functions.

APPENDIX B. PROOFS OF THEOREMS

B.1. Proof for Section 1.

Proof of Theorem (). If X ¢ spec(T), then T — X is invertible. Thus for any
¥ € H with ||¢|| = 1, we have that

1= [[)l = (T = )~HT =Nl < 1T =N 1T =2l
Thus ¢ (as defined by Eq. () satisfies o(T — \) > 1/|(T — X\)7!|| and so X ¢
aspec(T). This proves our theorem. O

Lemma B.1. An operator T is invertible if and only if its range is dense in H and
there exists a positive real number ¢ > 0 such that || 7| > c||¢|| for all ¢ € H.
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Proof. If T is invertible, then it is a bijection and therefore the range must be H.
Moreover,

[/l = 1T~ Tyl < |77 - (1T,
so [T = eljel] with ¢ = 1/| 71

Conversely, suppose the range of T is dense in H and there exists a positive
real number ¢ > 0 such that |T¢| > c||¢| for all ¢p € H. We first show that
the range of T is H. Let {¢;}52, be a convergent sequence in the range of H
converging to ¢. For every ¢ > 0, there exists a ¢; € H such that T; = ¢;.
Moreover, [|1; — ;]| < ||¢; — ¢;||/c. Tt follows that the sequence {1;}72, is Cauchy
and therefore converges to a function ¢ € H. Since T is continuous, ¢ T, and
therefore ¢ is in the range of T. We conclude that the range of T is closed. Since
the range of T is dense in H, the range of T must be H.

The kernel of T is trivial, since if ¢ € ker(T'), then ||¢|| < [|T%]|/c = 0, implying
that ¥ = 0. Thus T is a bijection, and all that is left to show is that the algebraic
inverse, which we call 771, is bounded. We have that | T~ 1y| < |[TT~ 19| /c <
|lv|l/c. Tt follows that ||T~!|| < 1/c. This proves our theorem. Incidentally, this
also shows us that ¢ = 1/||T~!|| is the "sharpest” value for c. O

Proof of Theorem (L.2). By Theorem (I.I)), we need only prove spec(T’) C aspec(T).
Suppose that A ¢ aspec(T). Then there exists a constant ¢ > 0 such that ||(T —
M| > ||y for all v € H. By Lemma (B, we need only show that the
range of 7' — X is dense in H. Since T commutes with 7™, T — A commutes
with ("= A\)* = T* — X*, and it follows that ||(T — M| = [[(T* — M)y for
all p € H. If ¢ € rangle(T — \)*, then 0 = (T — N, ¢) = (@, (T* — X*)¢)
for all ¢» € H, and therefore (7" — A\*)¢ = 0. It follows that ¢ = 0, since
lell < (T = N)oll/e = [(T* = A)g|l/c = 0. Thus rangle(T — \)* = {0} and
it follows that rangle(T — A) is dense in H. This proves our theorem. O

Proof of Theorem (I.3). (i) Let p € C[z] and X € spec(T'). Then X is a root of
r(x) = p(x) — p(\) and therefore there exists a polynomial ¢ € C[x] such that
q(x)(x — A) = p(x) — p(A). If (T) is invertible, then ¢(T) commutes with
r~YT) and

(T = Ng(T)r(T)~"

r(T)r(T) ™ =1=r(T)"'r(T) = r(T)"H(T = N)a(T)
= (1)~ q(T)(T = A) = o(T)r(T)~H(T = \).
A) i

It follows that (T is invertible with (7' — A\)~! = ¢(T)r(T)~!, which is a
contradiction. Thus r(T) is not invertible and p(\) € spec(p(T)).

Conversely, suppose A € spec(p(T)) and let {r;}?; be the roots of the
polynomial p(z) — A. We have that p(z) — A = (x —r1)...(z — rp) and
therefore p(T) — A = (T —r1)...(T — rp). Since p(T) — A is not invertible,
(T —r;) is not invertible for some j. Whence r; € spec(T') and p(r;) — X = 0.
We conclude that A € p(spec(T")). This proves (i).

(ii) Note that for any A € C, we have that T-! — A\71 = —T7I\=Y(T — X), and
it follows that 7! — A~! is invertible if and only if T — X is invertible. This
proves (ii).

(iii) If A ¢ spec(T), then T — A is invertible. It follows that (T"— A\)* = T — \*
is invertible, and therefore spec(T*) C spec(T)*. By the same argument
with T replaced by T*, spec(T) = spec((T*)*) C spec(T*)*, and therefore
spec(T)* C (spec(T*)*)* = spec(T™). This proves our theorem.
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Lemma B.2. If T is an operator such that |1 — T|| < 1, then T is invertible.
Proof. Define ¢ > 0by ¢c=1—||1 —T||. Then

1Tl =l = (& = TP = 191l = (L =T)pl = ([l = [I[(L =D - [l = el #l-

Thus by Lemma (B), we need only show that the range of T is dense in H. Let
¢ € H and let 6 = inf{||Ty — ¢|| : » € H}. Suppose that § > 0. Then for all
€ = § =, there exists ¢ € H such that § < ||TY — ¢|| < § + €. Moreover

1-c’
0 < |T(Tp—¢)—(Ty—o)|l = [[A-T)(TY—9)|| < (1—c)[|TY—¢|| = (1—c)(0+€) < 6.
That is, 0 < §, which is a contradiction. We conclude that 6 = 0. Since ¢ € H was

taken arbitrarily, this means that the range of T is dense in H. This proves our
lemma. O

Proof of Theorem ({I4). If Ao ¢ spec(T), then T'— Ay is invertible. If A € C with
A= Xo| <7 :=1/|(T = Ao) ™", then
11— (T = X20)"HT = NIl = (T = X0) " [(T = o) = (T = NI
< IT = X0) M- IA = Xof < 1.

Therefore by Lemma (B2) (T — X\o)~Y(T — ) is invertible and it follows that
(T'— A) must be invertible. We conclude that the ball B(Ag;7) about A\ of radius r
is contained in C \ spec(T’). It follows that C \ spec(T) is open and therefore spec(T')
is closed. Moreover, if A € C satisfies ||T'|| < |A|, then |1 — (1 =T/A)|| = ||T/A|| <1
and therefore 1—T/\ is invertible by Lemma(B.2)). It follows that 7'— X is invertible,
and therefore A\ ¢ spec(T'). Thus if A € spec(T), then |A| < ||T|| necessarily. In
particular, this shows that Np(z) < ||T'|| and that spec(T) is a closed and bounded
subset of C (and therefore compact).

Suppose T' is Hermitian and A € spec(T'). Then T is normal and spec(T') =

aspec(T) by Theorem (L2). Thus there exists a sequence {¢;}32, C H such that
[l || = 1 for all ¢ and ||(T — A)v;|| — 0. Thus

A= X = A= X [[ll? = (T = N)adi, i) — (T = X, )|
= [{((T" = N)bi, i) — (i, (T — N)abs)|
<2|(T = Nil| - [9ill = 2[[(T = M)abs]| — 0.

It follows that A is real. Moreover for any A € R, since T is Hermitian, we have the
relation

T2 — N24p||? = (T%p — N*p, T?1p — N?4p)
= T2 )7 + A [9]1> = (W) (T3, 0) — N (1, T9)
= |T%|” + M ||| — 2X%(| Ty %

Now let {¢;}22; C H be a sequence such that ||1;|| = 1 for all ¢ and | T;| — || Tl
Then taking A = ||T'|| in the above relation, we find that

1T =TI all® = 1T — Xall® = 1T2l|* + Nl |* — 222 T
= T2l + 1T = 2| T T]|* — 0.

Thus ||T||? € spec(T?), and it follows from Theorem (3] that either ||T|| € spec(T)
or —||T|| € spec(T). In particular, this proves Nr(z) = ||T||. If p(z) € R[z], then
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p(T) is Hermitian and therefore Np(p(x)) = Nypry(x) = [[p(T)[|. This proves our
theorem. ]

B.2. Proofs for Section 2.
B.3. Proofs for Section 3.
B.4. Proofs for Section 4.

Lemma B.3 (Weierstrass Approximation Theorem). Let X be a compact subset
of R and let f be a continuous function on X. Then there exists a sequence of real
polynomials {p;}$°, such that p; — f uniformly on X.

Lemma B.4. Let L be a bounded linear functional on R[x] and let X be a compact
subset of R. Then there exists a unique Borel measure p on X satisfying

L(p) = /p()\)d,u()\) for all p € R[z].

Sketch of proof. Let £ be the collection of all Borel subsets of X and let A € Q.
Let {p;}32, C Rlz] be a sequence of polynomials with p; — 14 uniformly on X.
Define p(A) by
u(A) = lim L(py).

11— 00
Then p is a well-defined complex Borel measure on X. ]
Proof of Theorem (4-1)). Let ¢, ¢ € H and define a function

L:R[z] = C
by L(p) = (p(T)¢, ¢). Then L is linear and
IL(p)| < lp(T)¢ [l - loll < llp(D)I - [[&[] - Ioll < No(p(e)) - 191 - ¢l

and therefore L is a linear functional on R[z]. The set R[z] is a dense subset of
the collection of all continuous, real-valued functions on spec(7T), and it follows
that there exists a unique complex measure p on X = spec(T’) with o-algebra Q
consisting of all Borel subsets of spec(T’) such that L(p) = [ p(X\)du()) for all p €
Clx]. For given v, ¢ € H, we denote this measure by pi(y ). Let 11,92, ¢1, 02 € H
and let o € C.

/ POV (100 (V) = DT + 2), 6) = (Vo1 8) + (TN, 6)
= / PN dp(y, ) (N) + / PN di(yy,6) (),

from which it follows that

P +1p2.6) = H(pr.¢) T H(a,0)-
Similarly,
K, 1+¢2) = H(,¢1) + H(p,p2)5

H(onp6) = Oh(,9) AN f(p,a9) = Q7 fi(p,g)-
Lastly, for A € Q we have that

|, (A < i) [(X) = Sup{NTl(m ’/pdu(w)‘ pe (C[x]}
= sup {[{p(T)¥, ¢)|/Nr(p) : p € Clz]} = [[¢] - [|&]-
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For any A € Q, we define pa(v, ¢) = pi(yp,4)(A). The above properties show us that
114 is a symmetric, bilinear functional, and therefore for every A € ), there exists a
unique Hermitian operator E(A) such that pa (v, ¢) = (E(A)Y, ¢) for all ¥, ¢ € H.

We first show that E(A) is idempotent for all A € Q by proving the more general
result E(ANB) = E(A)E(B) for all A,B € Q. Fix B € Q and let {¢;}52, C Rz]
be a fixed sequence of polynomials with ¢;(A) — 14()) uniformly on X. Also fix
Y, ¢ € H. For each i, define a measure v; by dv;(\) = q;(\)dp(y,¢)(A). Then for
any p € C[z], ¢(T) is Hermitian commutes with p(T") and we have that

/ PN dvi() = / PG .0 () = O(T)g: (T, 6)
— (T, 4:(T)6) = / PO gs (70

Let A € Q and {p;}2; C R[z] be a sequence of polynomials with p;(A) — 14(})
uniformly on X. Then the dominated convergence theorem tells us that

vi(A) = lim [ pi(N)ai(N)dpp,g)(A) = lim / Pi(N)dLip,q5(my0) (V)

11— 00

— [ 1AV arr ) = 1 6(1)9) = (E(A),0:(T)0)

=(q(T)E(A)p, ¢) = /Qi()\)dM(E(A)w,¢)()\)

The dominated convergence theorem also tells us that
EANB).6) = [ Lann W) = [ 1) 120)dage0()

— hm I/Z(A) = 1{120/%0\)(1#(15(,4)%@()\)

11— 00

_ / 15 (N0 (\) = (E(B)E(A)Y, 6).

Since A, B € Q and v, ¢ € H were arbitrary, this proves that E(ANB) = E(A)E(B)
for all A, B € Q. Thus F is idempotent.
Lastly, we have that

(B(X)th, ) = px (1, ¢) = pi(y,g)(X) = /ldu<w,¢)(/\) = (1, 9),

and by Theorem (2:2) this means that F(X) is a compact, complex spectral mea-
sure. A quick calculation shows that

/ Mgy () = (T, 6).

The uniqueness of the measure follows from Theorem (B3]). This proves our theo-
rem. g

Sketch of proof of Theorem (4.3). Let T be normal and define T} and T by T =
%(T +T7*) and T, = %(T —T*). Then Ty and T are Hermitian with T'= T +iT5
and there exist unique spectral measures FEi, F> such that T; = f ME;(\) for
i=1,2.

Define A = {A+iB : A, B real Borel sets } and define a projection-valued set
function E by E(A +iB) = E1(A)Ey(B). Then A is an algebra of sets and the
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o-algebra generated by A is ), the collection of all Borel subsets of C. Moreover,
E(C) = E1(R)E2(R) = 1 and E extends uniquely to a projection-valued measure

E on C.
O
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